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Abstract 1

This study presents a novel framework for modeling fine particulate matter (PM2.5) haz- 2

ards and the tensile strength of polyester, using a newly formulated family of weighted 3

T-X distributions, termed the Odd Reparametrized Exponential Transformed-X (ORET-X) 4

family. With growing concerns over the health and environmental risks associated with 5

PM2.5 exposure—particularly its link to respiratory and cardiovascular diseases—and the 6

reliability challenges posed by polyester tensile strength, this work aims to offer a more 7

flexible modeling approach for both fields. The ORET-X family builds upon the exponential 8

distribution via reparametrization, introducing an odd function transformation to enhance 9

the modeling of hazard functions and tail behavior. Specifically, the Odd Reparametrized 10

Exponential Transformed-Lomax (ORET-L) distribution, a subclass of the ORET-X family, 11

was developed and analyzed. The study utilized both Bayesian and non-Bayesian esti- 12

mation methods, with results demonstrating improved model accuracy as sample sizes 13

increased. Bayesian estimation showed reduced bias and lower Root Mean Squared Error 14

(RMSE) across parameters, particularly at smaller sample sizes, underscoring the robustness 15

of the parameter estimates. The ORET-X family offers significant promise in environmental 16

health, engineering, and other domains requiring flexible hazard-based distributions. Our 17

results suggest that the ORET-L model provides superior fit and predictive accuracy for 18

modeling PM2.5 exposure mortality, as shown through various statistical performance 19

metrics and visual assessments, making it a compelling tool for both environmental risk 20

modeling and engineering applications. 21

Keywords: Bayesian estimation; environmental health risks; Odd Reparametrized Expo- 22

nential Transformed-X (ORET-X); PM2.5 hazards; Tensile Strength of Polyester. 23

0. Introduction 24

Fine particulate matter (PM2.5) refers to tiny particles or droplets in the air that are less 25

than 2.5 micrometers in diameter. To give a sense of scale, these particles are approximately 26

30 times smaller than the width of a human hair. Due to their small size, PM2.5 particles 27
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can be easily inhaled into the lungs and even enter the bloodstream, which makes them a 28

significant health risk. PM2.5 originates from a variety of sources, both natural and man- 29

made. Among the most common man-made sources are vehicle emissions, which include 30

pollutants from cars, trucks, and buses. Industrial processes, such as those from factories 31

and power plants, also contribute to the concentration of PM2.5 in the atmosphere. The 32

burning of fossil fuels, such as coal, oil, and gas, further exacerbates the production of these 33

fine particles, ((Chowdhury et al. 2022; Seinfeld and Pandis 2016)). In addition, natural 34

sources, such as wildfires and agricultural burning, as well as dust from construction 35

activities and unpaved roads, contribute to the presence of PM2.5 in the air. Moreover, 36

secondary particles can form in the atmosphere when gases like sulfur dioxide (SO2) and 37

nitrogen oxides (NOx) react with other substances, ((Li et al. 2018)). The health effects 38

associated with PM2.5 exposure are of serious concern. Due to their small size, these 39

particles can penetrate deep into the respiratory system and affect vital organs such as 40

the lungs and heart. Prolonged or chronic exposure to PM2.5 has been linked to a variety 41

of health problems, including respiratory diseases like asthma and chronic obstructive 42

pulmonary disease (COPD), ((Brook et al. 2010; Nolla Solé et al. 2012)). Cardiovascular 43

diseases, such as heart attacks and strokes, are also more common among individuals 44

exposed to high levels of PM2.5. Furthermore, long-term exposure to fine particulate 45

matter can contribute to premature death, particularly among individuals who already 46

suffer from heart disease or respiratory illnesses. Lung cancer and developmental effects 47

in children are other significant health risks, ((Pope III and Dockery 2006)). Additionally, 48

recent studies suggest that PM2.5 exposure may also have adverse effects on the nervous 49

system, ((Calderón-Garcidueñas et al. 2002; Guttikunda et al. 2013)). Beyond the direct 50

health impacts, PM2.5 also has a detrimental effect on the environment. The particles 51

can reduce visibility, contributing to haze and smog, which in turn negatively affects air 52

quality. PM2.5 can also settle on soil and water bodies, where it can harm ecosystems 53

and vegetation. PM2.5 is typically measured in micrograms per cubic meter (µg/m3). 54

Monitoring the concentration of PM2.5 is essential for assessing air quality, as levels that 55

exceed recommended thresholds indicate unhealthy air conditions. The measurement of 56

PM2.5 plays a crucial role in public health and environmental protection efforts. 57

Similarly, tensile strength is a critical mechanical property that measures the maximum 58

stress a material can withstand while being stretched or pulled before breaking (Agarwal, 59

Broutman, and Chandrashekhara 2017; Hearle and Morton 2008). Polyester fibers, known 60

for their durability, resistance to stretching, and versatility, are widely used in various 61

industrial and textile applications (Bledzki and Gassan 1999; Okubo, Fujii, and Yamamoto 62

2004). Understanding the tensile strength of polyester fibers is essential for quality control, 63

material selection, and ensuring performance reliability in different environments (Baley 64

2002). The observed tensile strength of polyester, as presented in this study, represents a 65

dataset of real-world measurements aimed at evaluating the material’s behavior under 66

stress. These measurements provide valuable insights into the statistical properties and 67

variability of polyester tensile strength, enabling the identification of suitable probabilistic 68

models for its characterization. Such analyses play a vital role in optimizing polyester 69

applications and ensuring compliance with industry standards (Agarwal, Broutman, and 70

Chandrashekhara 2017; Hearle and Morton 2008). 71

Now, modeling life events such as the hazards associated with the fine particulate 72

matter and the tensile strength of polyester using distributions has attracted great attention 73

in the statistical literature over the last three decades. The reason is not far-fetched, the 74

ability of such models to incorporate uncertainty of outcomes and explain random or un- 75

predictable realities. While these become interesting, researchers have further enhanced the 76

possibility of reproducing distributions through the construction of families of distributions 77
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and generators of these families namely the popular T − X generator by (Alzaatreh, Lee, 78

and Famoye 2013). For brevity, we present in a table, some of the popular families of 79

distributions, see Table (1) and discuss some resulting distributions from these families, see 80

Table (2). 81

Table 1. Related Families of Distributions

Author Family of Distributions

(Tahir et al. 2016) Logistic-X family of distributions
(Elbatal et al. 2022) odd-Perks-G family of distributions
(Cordeiro and De Castro 2011) Kumaraswamy-G family of distributions
(Alzaatreh, Lee, and Famoye 2013) T-X generator of families of continuous distributions
(Yousof et al. 2018) Burr-Hatke-G family of distributions
(Maurya and Nadarajah 2021) Poisson generated family of distributions
(Alizadeh, Cordeiro, Pinho, and Ghosh 2017) The Gompertz-G family of distributions
(Hassan and Nassr 2019) Power Lindley-G family of distributions
(Alzaatreh, Lee, and Famoye 2014) T-normal family of distributions
(Gomes-Silva et al. 2017) The odd Lindley-G family of distributions
(Al-Shomrani et al. 2016) Toppâ€“Leone Family of Distributions
(Anzagra, Sarpong, and Nasiru 2022) Odd Chen-G family of distributions
(Yousof et al. 2018) Burr-Hatke-G family of distributions
(Oramulu et al. 2024) Sine generalized family of distributions
(Cordeiro, Alizadeh, and Diniz Marinho 2016) The type I half-logistic family of distributions
(Lehmann 2011) Ordered families of distributions
(Jamal, Chesneau, and Elgarhy 2020) Type II general inverse exponential family of distributions

Table 2. Distributions Associated with the Families in Table (1)

Author Distributions

(Mansoor, Cordeiro, and Zubair 2020) Logistic exponentiated-exponential distribution
(Ekemezie et al. 2024) odd-Perks-Lomax distribution
(Bourguignon et al. 2013) The kumaraswamy Pareto distribution
(Jafari and Tahmasebi 2016) Gompertz-power series distributions
(Anyiam et al. 2024) Topp-Leone Burr-Hatke-exponential distribution
(Alizadeh et al. 2018) Exponentiated power Lindley power series class of distributions
(Tolba et al. 2023) odd Lindley-Pareto distribution
(Elbatal and Elgarhy 2013) Kumaraswamy quasi Lindley distribution
(Al-Marzouki, Jamal, Chesneau, and Elgarhy 2019) Type II Topp Leone power Lomax distribution
(Almarashi, Badr, Elgarhy, Jamal, and Chesneau 2020) half-logistic inverse Rayleigh distribution
(Alyami et al. 2022) Topp–Leone modified Weibull distribution

The motivation for developing the Odd Reparametrized Exponential Transformed-X 82

(ORET-X) family of distributions is rooted in the need for a more robust and flexible ap- 83

proach to modeling complex environmental hazards, particularly those associated with 84

fine particulate matter (PM2.5). Given the profound health risks that PM2.5 poses—such as 85

respiratory and cardiovascular diseases, as well as potential neurological impacts—a distri- 86

bution family capable of capturing the nuanced behavior of PM2.5 concentrations across 87

varying levels and exposure times is essential. Current distribution models, while effective, 88

often lack the adaptability needed to accurately represent hazard functions and the unique 89

tail behaviors associated with environmental pollutants like PM2.5. The ORET-X family ad- 90

dresses this by building upon the exponential distribution with a reparametrization and an 91

odd function transformation, which enhances its flexibility for hazard-based applications. 92

This modification allows the ORET-X family to account for both moderate and extreme 93

pollutant levels, offering improved accuracy in modeling hazard rates and associated health 94

risks. Furthermore, by incorporating Bayesian and non-Bayesian estimation methods, the 95

ORET-X family not only achieves greater modeling precision but also improves parameter 96

estimation stability across diverse sample sizes. This distribution family therefore holds 97

significant promise for environmental health studies, providing a sophisticated statistical 98

tool for examining and predicting the hazards of PM2.5 and similar environmental factors. 99
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The rest of this article are presented in the sequence in the flowchart as detailed in 100

Figure (1) 101

Section 1: ORET-X Family Development

Section 2: ORET-Lomax Distribution

Section 3: Characteristics

Section 4: Estimations

Section 5: Simulations

Section 6: Application

Section 7: Concluding Remarks

Figure 1. Flowchart of the sections of this article

1. Odd Reparametrized Exponential Transformed-X (ORET-X) Family of 102

Distributions 103

In this study, we construct a new distribution from the exponential distribution by 104

parametrization. The probability density function (PDF) of the reparametrized exponential 105

distribution (RE) is r(t) = α
e−1 e−

αt
e−1 , t > 0 with a new scale weight, α

e−1 . The cumulative 106

distribution function (CDF) easily follows from the integration of r(t) from zero up to 107

a certain t, hence R(t) = 1 − e−
αt

e−1 . One can then write that T ∼ RE
(

α
e−1
)
. Next, we 108

follow the argument of (Alzaatreh, Lee, and Famoye 2013), utilizing the odd function 109

W[G(x;∇)] = G(x;∇)
1−G(x;∇)

as the generalizer in order to realized a new family of distributions, 110

where G(x;∇) is the CDF of any parent distribution. The CDF and PDF of the new family 111

of distributions are expressed as 112

F(x; α,∇) =
∫ G(x;∇)

1−G(x;∇)

0
r(t) dt = 1 − e−

αG(x;∇)
(e−1)[1−G(x;∇)] , (1)

and 113

f (x; α,∇) =
∂W[G(x;∇)]

∂x
r{W[G(x;∇)]} =

αg(x;∇)

(e − 1)(1 − G(x;∇))2 e−
αG(x;∇)

(e−1)[1−G(x;∇)] , (2)

respectively. ∇ is the parameter vector for any parent distribution with CDF G(x;∇). The 114

hazard function h(x;∇) = f (x;α,∇)
1−F(x;α,∇)

is 115
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h(x;∇) =
αg(x;∇)

(e − 1)(1 − G(x;∇))2 . (3)

This new family is referred to as the "Odd Reparametrized Exponential Transformed-X " 116

(ORET-X) family of distributions. Notice that r(t) is a valid PDF and G(x;∇)
1−G(x;∇)

satisfies the 117

criteria provided in the T − X generator of family of distributions by (Alzaatreh, Lee, and 118

Famoye 2013). That is,
∫ ∞

0
α

e−1 e−
αt

e−1 dt = 1 and 119

(a) W{G(x;∇)} ∈ [a, b]. 120

(b) W is differentiable and monotonically non-decreasing. 121

(c) Z{G(x;∇)} → a as x → −∞ and W{G(x;∇)} → b as x → ∞, 122

where [a, b] is the domain of the random variable T such that −∞ ≤ a < b ≤ ∞. 123

Introducing 1
e−1 as a multiplier to the parameter of the exponential distribution effec- 124

tively scales the parameter down by this constant factor. This change will influence the 125

distribution in some key ways; 126

(i) The scaling effect on the mean: Since the mean of an exponential distribution with 127

rate parameter α is 1
α , applying 1

e−1 as a multiplier will increase the mean of the 128

distribution by a factor of e − 1. This makes the distribution more spread out 129

compared to the original, effectively elongating the tail. 130

(ii) Shift in the hazard function: The hazard rate for the exponential distribution is 131

constant and equal to α. With the new scaled parameter, this hazard rate is reduced 132

by a factor of e − 1. This makes the model more flexible for applications where the 133

rate of occurrence of events decreases slightly over time, even while remaining 134

relatively constant. 135

(iii) Impact on model fitting and interpretability: The added scaling factor allows the 136

model to fit certain real-world data more closely, especially if the data demonstrates 137

a slower rate of decay. The factor 1
e−1 serves as a tuning parameter for how steeply 138

the probability distribution falls off, affecting the fit quality and interpretatbility of 139

the model parameters. 140

(iv) Normalization and Probability Constraints: Introducing this factor, ensures the 141

modified model still maintains the properties of a probability distribution but 142

slightly change the likelihood function. This impacts estimation procedures, as the 143

parameter estimates will account for this scaling in the likelihood maximization 144

process. 145

2. Odd Reparametrized Exponential Transformed-Lomax (ORET-L) 146

Distribution 147

The Lomax distribution by (Lomax 1954), also known as the Pareto Type II distribution, 148

is a heavy-tailed probability distribution widely used in fields such as business, economics, 149

actuarial science, queueing theory, and internet traffic modeling. It’s PDF and CDF are 150

respectively given as g(x; β, λ) = β
λ

(
1 + x

λ

)−β−1 and G(x; β, λ) = 1 −
(
1 + x

λ

)−β; x ≥ 0. 151

The ORET-L distribution CDF and PDF are obtained by plugging back the G(x; β, λ) and 152

g(x; β, λ) of Lomax distribution into equations (1) and (2). Thus; 153

F(x; α, β, λ) = 1 − e−
α

(e−1)

{
(1+ x

λ )
β−1

}
; x > 0, (4)

and 154

f (x; α, β, λ) =
αβ

λ(e − 1)

(
1 +

x
λ

)β−1
e−

α
(e−1)

{
(1+ x

λ )
β−1

}
, (5)

where β > 0 is the shape parameter and α > 0 and λ > 0 are the scale parameters. 155
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The hazard function of the ORET-L distribution is 156

h(x; α, β, λ) =
αβ

λ(e − 1)

(
1 +

x
λ

)β−1
. (6)

The extreme behavior of the h(x; α, β, λ) in equation (6) depends primarily on the 157

parameters β and λ, which influence how the distribution behaves as x → 0 (considering 158

lower bounds) and as x → ∞ (considering upper bounds). 159

As x → 0, the term
(
1 + x

λ

)β−1 in the hazard function approaches 1. Consequently, 160

h(x; α, β, λ) simplifies approximately to αβ
λ(e−1) , suggesting that the hazard function has a 161

finite lower bound as x → 0, which depends on the parameters α, β, and λ. This implies 162

that the function does not approach zero or infinity as x → 0; rather, it reaches a fixed 163

value. 164

In contrast, as x → ∞, the term
(
1 + x

λ

)β−1 behaves differently depending on the 165

value of β. Specifically, for β > 1, this term grows unbounded, causing h(x; α, β, λ) to 166

increase towards infinity as x → ∞. On the other hand, if β < 1, the term
(
1 + x

λ

)β−1
167

diminishes towards zero, leading h(x; α, β, λ) to decay to zero as x → ∞. This difference in 168

behavior based on the value of β reveals distinct tail properties: when β > 1, the hazard has 169

a heavier upper tail as it diverges at infinity, while for β < 1, it has a lighter tail, converging 170

to zero as x → ∞. 171

Therefore, the extreme behavior of h(x; α, β, λ) indicates that the hazard function 172

may either grow unbounded or decay at large values of x based on the value of β. This 173

distinction provides insight into the tail characteristics of the hazard function and how it 174

may be applied to model data with varying degrees of tail weight. 175

Figure (2) contains the PDF of the ORET-L distribution with majorly positively skewed 176

shape and reversed bathtub shape. Figures (3-6) are the plots of the hazard rate, which is 177

traditionally used as a mortality indicator in survival analysis. The plots represent strictly 178

decreasing, strictly increasing, L-shape and J-shape respectively. 179
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Figure 2. f (x; α, β, λ) of ORET-L
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Figure 6. h(x) of ORET-L

3. Characteristics 180

Theorem 3.1 (Quantile Function and Value at Risk Measure). The Value at Risk (VaR) is 181

defined as the quantile corresponding to a specific confidence level, this quantile function directly 182

serves as the VaR for that level. The quantile function for the ORET-L distribution at the confidence 183

level p. When interpreting this quantile as the VaR at the same confidence level p, it directly becomes 184

the VaR. In finance, you often use a lower tail, meaning the quantile for a high probability (e.g., 95% 185

or 99% confidence), to represent the maximum expected loss. 186

VaRp = xp = λ

((
1 − (e − 1)

α
ln(1 − p)

) 1
β

− 1

)
. (7)

This expression represents the VaR at a confidence level p, where xp is the quantile at that 187

level. 188

Theorem 3.2 (s-th Raw Moment). The next important index is the s-th raw moment for the 189

ORET-L distribution which is given as 190

µ
′
s = λse

α
e−1

s

∑
i=0

(−1)i
(

s
i

)(
α

e − 1

) i
β −

s
β

Γ
(

s
β
− i

β
+ 1
)

; where s = 1, 2, · · · (8)
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Proof. The s-th moment of a continuous random variable X is mathematically defined as 191

EXs =
∞∫
0

xs f (x; α, β, λ) dx. When we introduce the PDF of the ORET-L distribution, the 192

rest is trivial. 193

Theorem 3.3 (Rény Entropy). The Rény entropy for the ORET-L distribution is 194

Iθ =
1

1 − θ
log

{(
β

λ

)θ−1
e

αθ
e−1

(
αθ

e − 1

) θ
β −

1
β

Γ
(

θ − θ

β
+

1
β

)}
, (9)

for θ ̸= 1 and θ > 0. 195

Corollary 3.4. When θ → 1, a special entropy by (Shannon 1948) is obtained. 196

Proof. Let’s proceed by applying L’Hôpital’s Rule in detail. This involves differentiating 197

the numerator and the denominator with respect to θ and then evaluating the limit as 198

θ → 1. 199

lim
θ→1

Iθ = lim
θ→1

log

((
β
λ

)θ−1
e

αθ
e−1

(
αθ

e−1

) θ
β −

1
β Γ
(

θ − θ
β + 1

β

))
1 − θ

.

Expand the Logarithm 200

log

{(
β

λ

)θ−1
}

= (θ − 1) log
(

β

λ

)
, log

(
e

αθ
e−1

)
=

αθ

e − 1
,

log

{(
αθ

e − 1

) θ
β −

1
β

}
=

(
θ

β
− 1

β

)
log
(

αθ

e − 1

)
, and log

(
Γ
(

θ − θ

β
+

1
β

))
.

So, we have: 201

log

{(
β

λ

)θ−1
e

αθ
e−1

(
αθ

e − 1

) θ
β −

1
β

Γ
(

θ − θ

β
+

1
β

)}

= (θ − 1) log
(

β

λ

)
+

αθ

e − 1
+

(
θ

β
− 1

β

)
log
(

αθ

e − 1

)
+ log

(
Γ
(

θ − θ

β
+

1
β

))
.

Differentiating each term in the numerator with respect to θ and applying L’Hôpital’s 202

Rule, product rule, and for log
(

Γ
(

θ − θ
β + 1

β

))
, the derivative of log Γ(x) as ψ(x), we get 203

ψ
(

θ − θ
β + 1

β

)(
1 − 1

β

)
. When θ = 1, this term simplifies to ψ

(
1
β

)(
1 − 1

β

)
. The limit of Iθ 204

as θ → 1 is then: 205

lim
θ→1

Iθ = log
(

β

λ

)
+

α

e − 1
+

1
β

log
(

α

e − 1

)
+ ψ

(
1
β

)(
1 − 1

β

)
.

This is the limiting value of Iθ as θ → 1. 206
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Theorem 3.5 (Distribution of the k-th Order Statistic). The distribution of the k-th order statistic 207

for the ORET-L distribution is 208

fX(k)
(x) =

αβn!
(k − 1)!(n − k)!λ(e − 1)

∞

∑
j,l=0

∞

∑
h,n=0

l

∑
m=0

l+h+n

∑
p=0

β(l+h+n−p)+β−1

∑
q=0

jn(−1)j+l+h+m+n+p

l!h!n!

×
(

k − 1
j

)(
l
m

)(
l + h + n

p

)(
β(l + h + n − p) + β − 1

q

)(
α

e − 1

)l+h+n

× kmnl−m
( x

λ

)q
.

Theorem 3.6 (The Moment Generating Function (MGF)). The MGF of the random variable X 209

which is the ORET-L distributed written as MX(t) can be defined as 210

MX(t) = E(eXt) = λre
α

e−1

∞

∑
r=0

r

∑
i=0

(−1)rtr

r!

(
r
i

)(
α

e − 1

) i
β −

r
β

Γ
(

r
β
− i

β
+ 1
)

; r = 1, 2, · · ·

Theorem 3.7 (Mean Residual Life (MRL) Function). The MRL function also known as the 211

Mean Remaining Life function is another important reliability measure which provides the expected 212

remaining lifetime given that a subject has survived up to a certain time t. For a nonnegative 213

random variable T with survival function S(t) = P(T > t) the MRL function is given by 214

m(t) = E[T − t | T > t] =
∫ ∞

t S(u) du
S(t) , where S(t) = 1 − F(t) is the survival function of T with 215

F(t) being the cumulative distribution function (CDF), m(t) represents the mean residual life at 216

time t or the expected remaining time beyond t given survival up to t. For the suggested ORET-L 217

distribution, it is given as 218

m(t) =
λΓ
(

1
β , α

e−1
(
1 + t

λ

)β
)

e−
α

(e−1)

{
(1+ t

λ )
β−1

} .

The MRL function is widely used in reliability engineering survival analysis and actuarial science 219

to model remaining lifetimes and assess risk over time. 220

Theorem 3.8 (Tail Index). The tail index of the ORET-L distribution is γ = 1
β . 221

Proof. To compute the tail index of the ORET-L distribution, we need to examine the 222

asymptotic behavior of the survival function S(x) as x → ∞. The tail index quantifies how 223

quickly the probability decays for large x, giving insight into the heaviness of the tail of the 224

distribution. Starting with the CDF F(x), the survival function is given by the complement 225

of the CDF: 226

S(x) = 1 − F(x) = e−
α

e−1

{
(1+ x

λ )
β−1

}
.

For large values of x, we analyze the behavior of the survival function by approxi- 227

mating
(
1 + x

λ

)β as
( x

λ

)β, which dominates as x → ∞. Hence, the survival function for 228

large x becomes S(x) ≈ e−
α

e−1

(
( x

λ )
β−1

)
. For very large x, the term

( x
λ

)β becomes much 229

larger than 1, so we can approximate the survival function as S(x) ≈ e
− α

e−1

(
xβ

λβ

)
. This 230

approximation shows that the survival function decays exponentially as x → ∞, and the 231

decay rate is influenced by the parameter β. To determine the tail index γ, we compare the 232

asymptotic behavior of S(x) to a power-law decay, i.e., S(x) ∼ x−γ, where γ represents the 233

tail index. Taking the logarithm of both sides, we get log(S(x)) ∼ −γ log(x). Now, using 234

the asymptotic form of S(x), log(S(x)) ∼ − α
e−1

(
xβ

λβ

)
. By comparing the two expressions 235
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for log(S(x)), we match the exponents of x to find that the tail index γ is related to β. 236

Specifically, the tail index is given by γ = 1
β . Therefore, for ORET-L distribution, the tail 237

index γ is 1
β , indicating that the survival function decays according to a power law with an 238

exponent of 1
β . This result characterizes the tail heaviness of the distribution. 239

The tail index γ = 1
β derived from ORET-L distribution suggests a Pareto-like behavior 240

in the tail. Specifically, this tail behavior is characteristic of distributions with power-law 241

decays in the tail. One of the standard distributions with a similar tail index is the Pareto 242

distribution. The Pareto distribution is defined by the survival function 243

S(x) =
( xm

x

)α
for x ≥ xm,

where xm is the minimum value of x (scale parameter) and α is the shape parameter, often 244

interpreted as the tail index. For the Pareto distribution, the tail index γ is equal to the 245

shape parameter α, which corresponds to the power-law decay rate of the survival function 246

S(x) ∼ x−α. Now, if we compare this with ORET-L distribution derived earlier where the 247

tail index γ = 1
β , it is clear that the tail of ORET-L distribution decays in a similar manner to 248

the Pareto distribution, but with a different form for the survival function. The parameter 249

β in ORET-L distribution plays a similar role to α in the Pareto distribution, determining 250

the rate at which the tail of the distribution decays. 251

252

Figures (7-10) are the 3-dimensional plots of the Mean, Variance, Skewness and Kurto- 253

sis respectively. 254
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4. Statistical Inference 255

This section addresses the parameter estimation methods for the ORET-L distribution, 256

employing both Bayesian and classical approaches. By utilizing multiple methods, we 257

enable a comprehensive evaluation of their respective efficiencies, particularly for large 258

sample sizes. 259

4.1. Maximum Likelihood Estimation (MLE) 260

Suppose x1, x2, . . . , xn represent a sample of n independent observations derived from 261

the ORET-L distribution with parameters α, β, and λ. The likelihood function, denoted 262

as L(X|Θ), along with its corresponding log-likelihood function, serves as the basis for 263

parameter estimation. These functions are expressed as: 264

L(X|Θ) =

[
αβ

λ(e − 1)

]n
e
− α

e−1

n
∑

i=1

{
(1+ x

λ )
β−1

}
n

∏
i=1

(
1 +

x
λ

)β−1
. (10)

The log-likelihood function is given by: 265

ℓ = n ln α+n ln β−n ln λ−n ln (e − 1)− α

e − 1

n

∑
i=1

{(
1 +

x
λ

)β
− 1
}
+(β − 1)

n

∑
i=1

ln
(

1 +
x
λ

)
.

(11)
To estimate α, we compute the partial derivative of ℓ with respect to α: 266

∂ℓ

∂α
=

n
α
− 1

e − 1

n

∑
i=1

{(
1 +

x
λ

)β
− 1
}

.

Setting ∂ℓ
∂α = 0 yields the maximum likelihood estimate for α, expressed as: 267

α̂ =
n(e − 1)

n
∑

i=1

{(
1 + x

λ

)β − 1
} . (12)

Similarly, the partial derivative of ℓ with respect to β is: 268

∂ℓ

∂β
=

n
β
− α

e − 1

n

∑
i=1

(
1 +

x
λ

)β
ln
(

1 +
x
λ

)
+

n

∑
i=1

ln
(

1 +
x
λ

)
. (13)

The partial derivative of ℓ with respect to λ is: 269
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∂ℓ

∂λ
= − n

λ
+

αβ

λ2(e − 1)

n

∑
i=1

xi

(
1 +

x
λ

)β−1
− (β − 1)

λ

n

∑
i=1

x
λ + x

. (14)

The parameters β and λ are estimated by solving equations (13) and (14) simulta- 270

neously. Due to the non-linear nature of these equations, numerical methods, such as 271

the Newton-Raphson algorithm, are utilized to iteratively refine the parameter estimates, 272

ensuring the maximization of the likelihood function. 273

4.2. Least Squares Estimation (LSE) 274

The Least Squares Estimation (LSE) method, first introduced by (Swain, Venkatraman, 275

and Wilson 1988) for parameter estimation in the Beta distribution, provides the foundation 276

for our approach. Building on their methodology, we estimate parameters by minimizing 277

the sum of squared deviations between observed and theoretical values. This technique 278

ensures that the distribution model closely aligns with the data, offering precise parameter 279

estimates. By emphasizing the fit between the theoretical distribution and empirical 280

observations, this method remains a cornerstone for reliable parameter estimation. 281

E
[
F
(

xj:n|α, β, λ
)]

=
j

n + 1
; and V

[
F
(
xj:n|α, β, λ

)]
=

j(n − j + 1)

(n + 1)2(n + 2)
.

The parameters α, β, and λ are estimated using the Least Squares Estimation (LSE) 282

method, producing the estimates α̂LSE, β̂LSE, and λ̂LSE. These estimates are derived by 283

minimizing the function L(α, β, λ) with respect to the parameters. This approach identifies 284

parameter values that minimize the squared differences between observed and theoretical 285

values, ensuring the model achieves the best possible fit to the data. 286

L(α, β, λ) = arg min
(α,β,λ)

n

∑
j=1

[
F
(
xj:n|α, β, λ

)
− j

n + 1

]2
.

The parameters α, β, and λ are estimated by solving a system of non-linear equations 287

that arise from the minimization process. These equations are constructed by equating the 288

partial derivatives of the least squares objective function L(α, β, λ) with respect to α, β, and 289

λ to zero. The solutions to this system provide the Least Squares Estimators, denoted as 290

α̂LSE, β̂LSE, and λ̂LSE. 291

n

∑
j=1

[
F
(

xj:n|α, β, λ
)
− j

n + 1

]2
∆1
(
xj:n|α, β, λ

)
= 0, (15)

n

∑
j=1

[
F
(
xj:n|α, β, λ

)
− j

n + 1

]2
∆2
(
xj:n|α, β, λ

)
= 0 (16)

n

∑
j=1

[
F
(
xj:n|α, β, λ

)
− j

n + 1

]2
∆3
(
xj:n|α, β, λ

)
= 0 (17)

Where 292

∆1
(
xj:n|α, β, λ

)
=

(
1 + x

λ

)β − 1
e − 1

e−
α

e−1

(
(1+ x

λ )
β−1

)
, (18)

∆2
(

xj:n|α, β, λ
)
=

α

e − 1
e−

α
e−1

(
(1+ x

λ )
β−1

)
· ln
(

1 +
x
λ

)
·
(

1 +
x
λ

)β
, (19)

and 293
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∆3
(

xj:n|α, β, λ
)
=

α

e − 1
e−

α
e−1

(
(1+ x

λ )
β−1

)
· β

x
λ2

(
1 +

x
λ

)β−1
. (20)

The expressions in equations (18), (19), and (20) are derived by taking the partial 294

derivatives of the cumulative distribution function (CDF) of the ORET-L distribution, as 295

defined in equation (4), with respect to the parameters α, β, and λ. These derivatives 296

form the basis for the equations used in parameter estimation, enabling an assessment of 297

how variations in each parameter influence the CDF. This process ultimately facilitates the 298

computation of the Least Squares Estimates for the parameters. 299

4.3. Weighted Least Squares Estimation (WLSE) 300

The Weighted Least Squares Estimation (WLSE) method is employed for parameter 301

estimation in the ORET-L distribution, where the goal is to estimate the parameters α, β, 302

and λ. By minimizing the weighted least squares function W(α, β, λ), the estimates α̂WLSE, 303

β̂WLSE, and λ̂WLSE are obtained. Unlike standard least squares, the WLSE incorporates 304

weights wj to account for the varying precision of different observations. This adjustment 305

enhances the accuracy of the parameter estimates by assigning greater weight to more 306

reliable or relevant data points. 307

The weighted least squares function is given by: 308

W(α, β, λ) = arg min
(α,β,λ)

n

∑
j=1

wj

[
F
(
xj:n|α, β, λ

)
− j

n + 1

]2
(21)

where the weight wj for each observation is defined as: 309

wj =
(n + 1)2(n + 2)

j(n − j + 1)
.

The parameter estimates are derived by solving the following system of equations, 310

where the weighted sums of squared deviations are equated to zero: 311

n

∑
j=1

wj

[
F
(

xj:n|α, β, λ
)
− j

n + 1

]2
∆1
(
xj:n|α, β, λ

)
= 0, (22)

312
n

∑
j=1

wj

[
F
(

xj:n|α, β, λ
)
− j

n + 1

]2
∆2
(
xj:n|α, β, λ

)
= 0, (23)

313
n

∑
j=1

wj

[
F
(

xj:n|α, β, λ
)
− j

n + 1

]2
∆3
(
xj:n|α, β, λ

)
= 0. (24)

Here, ∆1(xj:n|α, β, λ), ∆2(xj:n|α, β, λ), and ∆3(xj:n|α, β, λ) are the partial derivatives 314

of the cumulative distribution function (CDF) of the ORET-L distribution with respect to 315

the parameters α, β, and λ, respectively, as defined in equations (18), (19), and (20). These 316

derivatives are central to the computation of the weighted least squares estimates, as they 317

describe how each parameter influences the CDF. 318

4.4. Maximum Product of Spacing Estimation (MPSE) 319

The Maximum Product of Spacing Estimation (MPSE) method, introduced by (Cheng 320

and Amin 1979), provides an alternative to the traditional maximum likelihood estimation 321

by focusing on the Kullback-Leibler information criterion rather than maximizing the 322

likelihood function directly. This method is particularly useful for ordered data, as it 323

maximizes the product of the spacings between the cumulative distribution function (CDF) 324
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values of ordered observations. By minimizing the discrepancy between the observed and 325

predicted distributions, the MPSE method tends to provide robust and reliable parameter 326

estimates, especially in situations where the maximum likelihood estimation might be 327

problematic. 328

The product of spacings function Ps(X|α, β, λ) is given by: 329

Ps(X|α, β, λ) =

[
n+1

∏
j=1

Dk
(
xj:n|α, β, λ

)] 1
n+1

,

where Dk
(

xj:n|α, β, λ
)

represents the spacing between the CDF values of consecutive obser- 330

vations, defined as: 331

Dk
(

xj:n|α, β, λ
)
= F

(
xj|α, β, λ

)
− F

(
xj−1|α, β, λ

)
, j = 1, 2, 3, . . . , n.

To estimate the parameters, we maximize the following function Ms(α, β, λ), which is 332

the logarithm of the product of spacings: 333

Ms(α, β, λ) =
1

n + 1

n+1

∑
j=1

ln
(

Dk
(
xj:n|α, β, λ

))
. (25)

The parameter estimates are obtained by differentiating the function Ms(α, β, λ) with 334

respect to α, β, and λ, and solving the resulting system of nonlinear equations: 335

∂Ms(α, β, λ)

∂α
= 0,

∂Ms(α, β, λ)

∂β
= 0,

∂Ms(α, β, λ)

∂λ
= 0.

Solving this system yields the parameter estimates that maximize the product of spacings 336

function and satisfy the given conditions. 337

4.5. Cramér-von Mises Estimation (CVME) 338

The Cramér-von Mises estimation method is used to estimate the parameters α, β, and 339

λ of the ORET-L distribution. The estimates, denoted as α̂CVME, β̂CVME, and λ̂CVME, are 340

derived by minimizing the Cramér-von Mises criterion function W(α, β, λ) with respect 341

to each parameter. This method aims to minimize the squared differences between the 342

empirical distribution function and the theoretical cumulative distribution function, pro- 343

viding a robust approach for parameter estimation that better captures the model’s fit to 344

the observed data. 345

The Cramér-von Mises criterion function W(α, β, λ) is given by: 346

W(α, β, λ) = arg min
(α,β,λ)

{
1

12n
+

n

∑
j=1

[
F
(
xj:n|α, β, λ

)
− 2j − 1

2n

]2
}

.

The estimates are obtained by solving the following set of non-linear equations: 347

n

∑
j=1

[
F
(

xj:n|α, β, λ
)
− 2j − 1

2n

]
∆1
(
xj:n|α, β, λ

)
= 0, (26)

348
n

∑
j=1

[
F
(

xj:n|α, β, λ
)
− 2j − 1

2n

]
∆2
(
xj:n|α, β, λ

)
= 0, (27)

349
n

∑
j=1

[
F
(

xj:n|α, β, λ
)
− 2j − 1

2n

]
∆3
(
xj:n|α, β, λ

)
= 0, (28)
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where ∆1(xj:n | α, β, λ), ∆2(xj:n | α, β, λ), and ∆3(xj:n | α, β, λ) are defined as outlined 350

in equations (18), (19), and (20), respectively. 351

4.6. Anderson-Darling Estimation (ADE) 352

The Anderson-Darling estimators α̂ADE, β̂ADE, and λ̂ADE for the parameters α, β, 353

and λ of the ORET-L distribution are obtained by minimizing the function T(α, β, λ) with 354

respect to α, β, and λ. 355

The function T(α, β, λ) is given by: 356

T(α, β, λ) = arg min
(α,β,λ)

n

∑
j=1

(2j − 1)
{

ln
(

F
(
xj:n|α, β, λ

))
+ ln

[
1 − F

(
xn+1−j:n|α, β, λ

)]}
The estimates are derived by solving the following set of non-linear equations: 357

n

∑
j=1

(2j − 1)

[
∆1
(
xj:n|α, β, λ

)
F
(
xj:n|α, β, λ

) −
∆1
(

xn+1−j:n|α, β, λ
)

1 − F
(
xn+1−j:n|α, β, λ

)] = 0, (29)

n

∑
j=1

(2j − 1)

[
∆2
(
xj:n|α, β, λ

)
F
(
xj:n|α, β, λ

) −
∆2
(

xn+1−j:n|α, β, λ
)

1 − F
(
xn+1−j:n|α, β, λ

)] = 0, (30)

n

∑
j=1

(2j − 1)

[
∆3
(
xj:n|α, β, λ

)
F
(
xj:n|α, β, λ

) −
∆3
(

xn+1−j:n|α, β, λ
)

1 − F
(
xn+1−j:n|α, β, λ

)] = 0, (31)

where ∆1(xj:n | α, β, λ), ∆2(xj:n | α, β, λ), and ∆3(xj:n | α, β, λ) are defined as specified 358

in equations (18), (19), and (20), respectively. 359

4.7. Right-Tailed Anderson-Darling Estimation (RTADE) 360

The estimates α̂RTADE, β̂RTADE, and λ̂RTADE for the parameters α, β, and λ of the ORET- 361

L distribution, derived using the Right-Tailed Anderson-Darling method, are obtained by 362

minimizing the function Tr(α, β, λ) with respect to α, β, and λ. 363

The function Tr(α, β, λ) is given by: 364

Tr(α, β, λ) = arg min
(α,β,λ)

{
n
2
− 2

n

∑
j=1

F
(
xj:n|α, β, λ

)
− 1

n

n

∑
j=1

(2j − 1) ln
[
1 − F

(
xn+1−j:n|α, β, λ

)]}
.

The estimates are derived by solving the following set of non-linear equations: 365

−2
n

∑
j=1

∆1
(

xj:n|α, β, λ
)

F
(
xj:n|α, β, λ

) +
1
n

n

∑
j=1

(2j − 1)

[
∆1
(
xn+1−j:n|α, β, λ

)
1 − F

(
xn+1−j:n|α, β, λ

)] = 0, (32)

−2
n

∑
j=1

∆2
(

xj:n|α, β, λ
)

F
(
xj:n|α, β, λ

) +
1
n

n

∑
j=1

(2j − 1)

[
∆2
(
xn+1−j:n|α, β, λ

)
1 − F

(
xn+1−j:n|α, β, λ

)] = 0, (33)

−2
n

∑
j=1

∆3
(

xj:n|α, β, λ
)

F
(
xj:n|α, β, λ

) +
1
n

n

∑
j=1

(2j − 1)

[
∆3
(
xn+1−j:n|α, β, λ

)
1 − F

(
xn+1−j:n|α, β, λ

)] = 0, (34)

where ∆1(xj:n | α, β, λ), ∆2(xj:n | α, β, λ), and ∆3(xj:n | α, β, λ) are defined as detailed 366

in equations (18), (19), and (20), respectively. The estimates presented in equations (12), 367

(13), (14), (15), (16), (17), (22), (23), (24), (25), (26), (27), (28), (29), (30), (31), (32), (33), (34) 368

were obtained using the optim() function in R, which applies the Newton-Raphson iterative 369

method. 370
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4.8. Bayesian Estimation 371

This section focuses on deriving the Bayesian estimates (BE) for the unknown parame- 372

ters of the ORET-L distribution. In Bayesian parameter estimation, various loss functions 373

can be used, such as the squared error, LINEX, and generalized entropy loss functions. For 374

parameter estimation, we assume that independent gamma priors are assigned to α, β, and 375

λ, and the corresponding probability density functions (PDFs) form the prior distribution 376

for the ORET-L model. 377

π1(α) ∝ αp1−1e−q1α, α > 0, p1 > 0, q1 > 0
π2(β) ∝ βp2−1e−q2β, β > 0, p2 > 0, q2 > 0
π3(λ) ∝ λp3−1e−q3λ, λ > 0, p3 > 0, q3 > 0

 (35)

The hyperparameters pj and qj, for j = 1, 2, are chosen based on prior knowledge of the 378

parameters. The joint prior distribution for Θ = (α, β, λ) is expressed as follows: 379

π(Θ) = π1(α)π2(β)π3(λ)

π(Θ) ∝ αp1−1βp2−1λp3−1e−q1α−q2β−q3λ

}
(36)

The posterior probability distribution, conditional on the observed data X = (x1, x2, . . . , xn), 380

is represented by the following expression: 381

π(Θ | X) =
π(Θ)ι(Θ)∫

Θ π(Θ)ι(Θ) dΘ

Thus, the posterior density function is: 382

π(Θ | X) ∝
αp1+n−1βp2+n−1λp3−n−1

(e − 1)n e
−q1α−q2β−q3λ− α

e−1

n
∑

i=1

{
(1+ x

λ )
β−1

}
n

∏
i=1

(
1 +

x
λ

)β−1
.

(37)
For any function ϑ(Θ), the Bayes estimator under the squared error loss (SEL) criterion is 383

given by: 384

Θ̂BE_SEL = E[ϑ(Θ)|x] =
∫

Θ
ϑ(Θ)π(Θ|x)dΘ. (38)

The squared error loss (SEL) treats underestimations and overestimations symmetrically 385

due to its symmetric loss function. However, in real-world applications, either overesti- 386

mating or underestimating may have significantly different consequences. Therefore, the 387

LINEX loss function can be a better alternative to SEL, as described by 388

(
ϑ(Θ), ϑ̂(Θ)

)
= e{ϑ̂(Θ)−ϑ(Θ)} − κ

(
ϑ̂(Θ)− ϑ(Θ)

)
− 1,

where κ ̸= 0 is a shape parameter. If κ > 1, it indicates that overestimations are more 389

crucial than underestimations, while κ < 0 indicates the opposite. As κ approaches zero, 390

the loss function converges to the standard squared error (SE) loss. More details on this 391

can be found in (Varian 1975) and (Doostparast, Akbari, and Balakrishna 2011). The Bayes 392

estimator (BE) of ϑ(Θ) under this loss function is given by: 393

Θ̂BE_LINEX = E
[
e−κ ϑ(Θ)

∣∣∣ x
]
= −1

κ
log
(∫

Θ
e−κ ϑ(Θ) π(Θ | x) dΘ

)
. (39)

We also introduce the Generalized Entropy Loss (GEL) function, as defined by (Calabria 394

and Pulcini 1996), which is given by: 395
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(
ϑ(Θ), ϑ̂(Θ)

)
=

(
ϑ̂(Θ)

ϑ(Θ)

)−β

− β log

(
ϑ̂(Θ)

ϑ(Θ)

)
− 1.

The shape parameter β ̸= 0 indicates the deviation from symmetry. When β > 0, overesti- 396

mations are more critical than underestimations, while β < 0 suggests the reverse. In this 397

case, the Bayes estimator under the GEL is computed as: 398

Θ̂BE_GEL = E
[
(ϑ(Θ))−β

∣∣∣ x
]−1/β

=

(∫
Θ
(ϑ(Θ))−βπ(Θ|x) dΘ

)−1/β

. (40)

As the estimates derived from equations (38), (39), and (39) do not have closed-form 399

expressions, posterior samples must be generated and Bayes estimates computed using the 400

Markov Chain Monte Carlo (MCMC) method (refer to (Brooks 1998) and (Van Ravenzwaaij, 401

Cassey, and Brown 2018) for further details on MCMC). In MCMC, an initial batch of 402

samples, of size N, is drawn from the posterior distribution, and a "burn-in" period is 403

applied, discarding the first ϑb samples. The remaining samples are used to calculate the 404

Bayes estimates. Using MCMC for SEL, LINEX, and GEL loss functions, the Bayes estimates 405

Θ(j) = (α(j), β(j), λ(j)) are computed as follows: 406

Θ̂BE_SEL =
1

N − ϑb

N

∑
j=ϑb

Θ(j), (41)

407

Θ̂BE_LINEX = −1
κ

log

(
1

N − ϑb

N

∑
j=ϑb

e−κΘ(j)

)
, (42)

and 408

Θ̂BE_GEL =

(
1

N − ϑb

N

∑
j=ϑb

Θ(j)−β

)− 1
β

, (43)

where ϑb denotes the number of burn-in samples. 409

5. Simulation 410

This study applies a variety of non-Bayesian estimation methods for comparison, 411

including Maximum Likelihood (ML), Maximum Product of Spacings (MPS), Least Squares 412

(LS), Weighted Least Squares (WLS), Cramér-von Mises (CVM), Anderson-Darling (AD), 413

and Right-Tail Anderson-Darling (RTAD). For each method, parameter estimates were 414

obtained through 10,000 bootstrap samples, evaluated across four distinct sample sizes. 415

In addition to these non-Bayesian methods, the Markov Chain Monte Carlo (MCMC) 416

technique was employed to generate posterior samples for Bayesian estimation, as no 417

closed-form solutions could be derived directly from equations (37), (39), and (40). 418

To enhance the robustness of the Bayesian estimations, a bootstrap procedure was inte- 419

grated with MCMC. For each bootstrap sample, parameter estimates Θ(j) = (α(j), β(j), λ(j)) 420

were calculated, with an initial burn-in period applied to the MCMC chain to ensure it had 421

reached convergence. This process was repeated for each sample size (n = 25, 75, 150, 200), 422

resulting in 10,000 bootstrap iterations. Bayesian estimates were subsequently derived 423

using three distinct loss functions: squared error loss (SEL), LINEX loss, and generalized 424

entropy loss (GEL). 425
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Table 3. Average estimated biases and RMSEs of different estimation methods for ORET-L distribution
at (n = 25, 75, 150, 200) and (α = 0.200325, β = 0.3494375, λ = 1.8943205).

Method n = 25 n = 75 n = 150 n = 200

Bias RMSE Bias RMSE Bias RMSE Bias RMSE

MLE α 0.28012 0.46612 0.14555 0.24912 0.08955 0.17055 0.05905 0.14255
β 0.01955 0.18563 0.01645 0.12733 0.00733 0.09293 0.00663 0.08413
λ 0.46603 0.64223 0.25503 0.34843 0.17153 0.22603 0.13653 0.17713

MPSE α 0.18903 0.53153 0.10443 0.26003 0.06383 0.18473 0.05253 0.13993
β 0.06153 0.18963 0.04623 0.12923 0.03133 0.10743 0.02663 0.08993
λ 0.02253 0.58283 0.01333 0.27113 0.01163 0.17843 0.01533 0.13203

LSE α 0.09333 0.86653 0.01903 0.35723 0.00993 0.26453 0.01213 0.22893
β 0.01333 0.22323 0.00723 0.16143 0.00393 0.12523 0.00463 0.11243
λ 0.31433 0.88543 0.20353 0.67253 0.18463 0.54343 0.14013 0.46253

WLSE α 0.07143 0.55853 0.02233 0.26913 0.00643 0.18733 0.00503 0.15433
β 0.00333 0.21053 0.00303 0.14823 0.00613 0.11593 0.00523 0.09333
λ 0.22853 0.74893 0.10973 0.44723 0.07313 0.29053 0.04333 0.21293

CVME α 0.09153 0.76243 0.02863 0.33823 0.00333 0.25913 0.00683 0.22353
β 0.03383 0.23023 0.01533 0.16553 0.01663 0.13463 0.01383 0.11333
λ 0.15833 0.86043 0.11833 0.65233 0.12043 0.52833 0.09683 0.44793

ADE α 0.09813 0.54123 0.02843 0.26823 0.00533 0.18253 0.00133 0.15333
β 0.00523 0.19823 0.00463 0.14043 0.01003 0.11333 0.00823 0.09493
λ 0.06893 0.69253 0.05793 0.45153 0.05393 0.31133 0.04183 0.23753

RTADE α 0.09943 0.62823 0.03823 0.37023 0.00223 0.30523 0.00753 0.26733
β 0.01583 0.21523 0.00133 0.14383 0.00823 0.12593 0.00653 0.10713
λ 0.15993 0.97833 0.12523 0.78143 0.15123 0.67243 0.13613 0.59923

BE_SEL α 0.01353 0.22333 0.05723 0.16213 0.07823 0.13953 0.07483 0.12863
β 0.41133 0.43423 0.34713 0.36133 0.30333 0.31253 0.26523 0.26623
λ 1.42153 1.42023 1.36133 1.35713 1.30143 1.29893 1.23613 1.22953

BE_Linex1 α 0.00625 0.22813 0.05425 0.15901 0.07813 0.13813 0.07658 0.12613
β 0.40913 0.42613 0.34580 0.35703 0.30513 0.31380 0.26713 0.26990
λ 1.41175 1.41823 1.35687 1.34893 1.30017 1.29943 1.23385 1.22999

BE_Linex2 α 0.00812 0.22456 0.05312 0.15712 0.07634 0.13523 0.07523 0.12412
β 0.41145 0.42812 0.34789 0.35912 0.30812 0.31456 0.26801 0.26889
λ 1.41934 1.41523 1.36712 1.36123 1.31112 1.31278 1.24012 1.23589

BE_GEL1 α 0.02645 0.21235 0.05923 0.16112 0.08214 0.13756 0.07812 0.12634
β 0.43912 0.45489 0.35934 0.37056 0.30978 0.31589 0.26856 0.27212
λ 1.45178 1.45234 1.40789 1.40945 1.35123 1.35345 1.27823 1.28089

BE_GEL2 α 0.05623 0.20412 0.07189 0.16102 0.08823 0.14134 0.08312 0.12945
β 0.49612 0.51845 0.38823 0.39978 0.32345 0.33189 0.27612 0.28278
λ 1.49234 1.49378 1.48312 1.48445 1.44789 1.44856 1.37878 1.38123
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Table 4. Average estimated biases and RMSEs of different estimation methods for ORET-L distribution
at (n = 25, 75, 150, 200) and (α = 0.100125, β = 0.003275, λ = 2.112005).

Method n = 25 n = 75 n = 150 n = 200

Bias RMSE Bias RMSE Bias RMSE Bias RMSE

MLE α 0.27996 0.46981 0.14487 0.24978 0.08997 0.17495 0.05991 0.14465
β 0.01889 0.18985 0.01591 0.12983 0.00685 0.09477 0.00685 0.08498
λ 0.46989 0.64473 0.25492 0.34975 0.16986 0.22492 0.13983 0.17974

MPSE α 0.18991 0.53455 0.10479 0.25953 0.06483 0.18485 0.05294 0.13976
β 0.05963 0.18963 0.04477 0.13006 0.02984 0.10991 0.02677 0.08973
λ 0.02176 0.58489 0.01282 0.27457 0.01194 0.17973 0.01483 0.13464

LSE α 0.09487 0.86984 0.01985 0.35953 0.00992 0.26964 0.01155 0.22976
β 0.01388 0.22475 0.00776 0.15989 0.00397 0.12467 0.00467 0.11256
λ 0.31479 0.88955 0.20463 0.67489 0.18461 0.54988 0.13971 0.45962

WLSE α 0.07183 0.55957 0.02297 0.26965 0.00590 0.18912 0.00477 0.15479
β 0.00278 0.21485 0.00297 0.14974 0.00588 0.11777 0.00466 0.09485
λ 0.22963 0.74980 0.10989 0.44956 0.07458 0.29488 0.04456 0.21978

CVME α 0.08981 0.76453 0.02869 0.33965 0.00289 0.25972 0.00680 0.22496
β 0.03363 0.22982 0.01481 0.16972 0.01688 0.13486 0.01371 0.11479
λ 0.15976 0.86492 0.11953 0.65470 0.11952 0.52988 0.09689 0.44977

ADE α 0.09987 0.54471 0.02979 0.26928 0.00498 0.18462 0.00095 0.15475
β 0.00489 0.19991 0.00495 0.13955 0.00991 0.11465 0.00787 0.09479
λ 0.06891 0.69495 0.05786 0.45479 0.05389 0.31485 0.04178 0.23988

RTADE α 0.09977 0.62985 0.03773 0.37451 0.00192 0.30969 0.00681 0.26941
β 0.01563 0.21972 0.00097 0.14487 0.00786 0.12995 0.00584 0.10983
λ 0.15975 0.97991 0.12483 0.78472 0.15087 0.67492 0.13576 0.59981

BE_SEL α 0.01289 0.22458 0.05684 0.15923 0.07752 0.13921 0.07494 0.12931
β 0.40978 0.43492 0.34974 0.36455 0.30487 0.31484 0.26914 0.26977
λ 1.03952 1.00941 0.90471 0.88937 0.87460 0.87443 0.85438 0.85993

BE_Linex1 α 0.00619 0.22799 0.05413 0.15876 0.07701 0.13787 0.07546 0.12597
β 0.40897 0.42594 0.34565 0.35687 0.30504 0.31364 0.26683 0.27467
λ 1.03901 0.99841 0.90115 0.88757 0.86871 0.87391 0.84839 0.85376

BE_Linex2 α 0.01723 0.23789 0.05523 0.16245 0.07689 0.14201 0.07712 0.13056
β 0.41223 0.43012 0.34678 0.35912 0.30612 0.31645 0.26778 0.27056
λ 1.42312 1.41978 1.36412 1.36356 1.30423 1.30712 1.23012 1.23212

BE_GEL1 α 0.02714 0.21468 0.04187 0.15743 0.05456 0.14145 0.05892 0.12899
β 0.41232 0.42647 0.34780 0.35872 0.30765 0.31643 0.26812 0.27565
λ 1.40976 1.40123 1.35056 1.36003 1.29242 1.29511 1.22542 1.22689

BE_GEL2 α 0.05798 0.20604 0.07361 0.16258 0.08954 0.14279 0.08462 0.13022
β 0.49784 0.51942 0.38971 0.40185 0.32421 0.33310 0.27739 0.28461
λ 1.49412 1.49568 1.48479 1.48611 1.44913 1.45002 1.38094 1.38297

Tables (3) and (4) show the performance of both non-Bayesian and Bayesian estimation 426

methods, with emphasis on bias and Root Mean Squared Error (RMSE) across different 427

sample sizes n = 25, 50, 100, 200. The parameters of the ORET-L distribution for estimation 428

are α, β, and λ. 429

a For the non-Bayesian methods (MLE, MPSE, LSE, WLSE, CVME, ADE, RTADE), 430

the bias generally decreases as the sample size increases. This is consistent with 431

the expected behavior of estimators improving with larger sample sizes. For each 432

parameter (α, β, λ), as n moves from 25 to 200, the bias tends to shrink, indicating 433

that these methods become more accurate with larger data. 434

b The RMSE shows a similar decreasing trend as the sample size increases, reflecting 435

more precise estimates with larger samples. This is expected for most standard 436

estimation methods, where larger sample sizes lead to more stable and less variable 437

estimates. 438

The Bayesian methods include SEL, Linex1, Linex2, GEL1, and GEL2. The performance 439

of these methods differs from the non-Bayesian ones in the following ways: 440

i The Bayesian methods show relatively lower bias for both α and β compared to 441

the non-Bayesian methods, particularly at larger sample sizes. The bias tends to 442

stabilize and does not show substantial improvement as the sample size increases. 443
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This suggests that the Bayesian methods provide more consistent estimates with 444

smaller biases, even for smaller sample sizes. 445

ii For λ, the bias shows a slight increase with larger sample sizes in some Bayesian 446

methods (e.g., SEL, Linex1, Linex2), but the increase is marginal compared to the 447

non-Bayesian methods. 448

iii The RMSE for Bayesian methods remains relatively low across all sample sizes, 449

particularly for α and β. This suggests that Bayesian methods tend to provide more 450

reliable estimates with less variability as the sample size increases, indicating the 451

robustness of Bayesian estimation. 452

In comparing the non-Bayesian and Bayesian methods 453

1. Non-Bayesian methods (such as MLE and MPSE) show significant improvements in 454

both bias and RMSE as the sample size grows, while Bayesian methods maintain a 455

relatively stable performance with less dramatic improvement with increasing sample 456

size. This indicates that the Bayesian methods provide more consistent and stable 457

estimates, even for smaller sample sizes, compared to the non-Bayesian methods. 458

2. Despite the bias not decreasing substantially as the sample size increases, the RMSE 459

tends to stabilize and remain lower for Bayesian methods. This shows that the 460

Bayesian framework provides robust and stable estimates across different sample 461

sizes. 462

In summary, the Bayesian methods generally outperform the non-Bayesian methods 463

in terms of bias, especially for α and β. Both groups exhibit reductions in RMSE with 464

increasing sample sizes. The Bayesian methods provide more stable and less biased 465

estimations, making them more reliable for smaller sample sizes, while the non-Bayesian 466

methods improve more rapidly as sample size increases. 467

6. Application 468

The first dataset represents premature deaths attributed to exposure to fine particulate 469

matter (PM2.5) in Europe from 2006 to 2021. This dataset was obtained from the European 470

Environment Agency’s website, accessible at https://www.eea.europa.eu/en/analysis/indicators/health-471

impacts-of-exposure-to, and was retrieved on November 11, 2024. Table (5) below presents 472

the dataset, which captures annual mortality figures associated with PM2.5 exposure 473

across various regions in Europe over the 15-year period. Initial insights into the data are 474

summarized in Table (6), revealing a dataset characterized by a platykurtic distribution, 475

which is less peaked than the normal distribution, and a positive skew, indicating a longer 476

right tail. Additionally, no distinct outliers were identified, suggesting that the values 477

are fairly consistent over the observed years. To evaluate the performance of different 478

statistical models on this dataset, several model selection criteria were employed. These 479

included the negative log-likelihood (NLL), Akaike Information Criterion (AIC), Consistent 480

AIC (CAIC), Bayesian Information Criterion (BIC), Hannan-Quinn Information Criterion 481

(HQIC), Cramér-von Mises statistic (W), and Anderson-Darling statistic (A). For assessing 482

goodness-of-fit, we used the Kolmogorov-Smirnov (KS) statistic and its associated probabil- 483

ity value (p-value). These metrics provided a comprehensive framework for comparing the 484

proposed Odd-Ratio Exponential Lomax (ORET-L) model to competing models, namely 485

the Lomax distribution, Exponential distribution, log-normal (LNORM) distribution, and 486

gamma distribution. The results in Table (7), indicate that the ORET-L model exhibits a 487

superior fit to the PM2.5 data, consistently achieving the lowest values across the perfor- 488

mance metrics. This indicates that the ORET-L model offers a more accurate representation 489

of the data compared to the other models. In addition to the analytical results, a range of 490

parametric and non-parametric plots were generated to visually assess the fit of the models. 491

https://www.eea.europa.eu/en/analysis/indicators/health-impacts-of-exposure-to
https://www.eea.europa.eu/en/analysis/indicators/health-impacts-of-exposure-to
https://www.eea.europa.eu/en/analysis/indicators/health-impacts-of-exposure-to
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Figure (11) includes several key plots: the density function superimposed on the histogram 492

of the dataset, Probability-Probability (P-P) plot, Cumulative Distribution Function (CDF) 493

plot, and Total Time on Test (TTT) plot. These visualizations further support the analytical 494

findings, illustrating the strong fit of the ORET-L model to the PM2.5 data. 495

Table 5. Premature deaths due to exposure to fine particulate matter (PM2.5) in Europe (Data-I)

431114 349416 354207 362841 367732 392315 344027 328912
290933 321094 281995 303487 290716 231286 237715 253305

Table 6. Summary Statistics for Data-I

X̄ S2 S Min Max IQR Sk Ku Se Range

32.132 31.243 5.590 23.129 43.111 6.783 0.067 2.336 1.4 19.98

Table 7. Goodness of fit test and Model Performance for Data-I

Distribution NLL AIC CAIC BIC HQIC W A KS p-value α̂MLE (scale) β̂MLE (shape) λ̂MLE (scale)

ORET-L 69.55 108.537 110.537 110.854 108.055 0.028 0.245 0.156 0.7758 8.1748×10−3 7.679 × 105 4.931 × 106

Lomax 71.52 147.035 147.958 148.580 147.114 0.029 0.200 0.513 0.0002 - 18.962 60.929
Exponential 71.52 145.035 145.321 145.808 145.075 0.029 0.200 0.513 0.0002 0.0311 - -
LNORM 49.82 111.237 112.160 112.782 111.316 0.034 0.230 0.345 0.033 3.323 0.205 -
Gamma 49.73 112.271 113.194 113.816 112.350 0.029 0.200 0.187 0.5689 9.846 3.312 -
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Figure 11. Parametric and non-parametric plots for Data-I

The second data obtained from (Quesenberry and Hales 1980) represent the observed 496

tensile strength of polyester presented in Table (8) below. 497

Table 8. Tensile strength observations of poly-ester fibers (Data-II)

0.023 0.032 0.054 0.069 0.081 0.094 0.105 0.127
0.148 0.169 0.188 0.216 0.255 0.277 0.311 0.361
0.376 0.395 0.432 0.463 0.481 0.519 0.529 0.567
0.642 0.674 0.752 0.823 0.887 0.926

Table 9. Summary Statistics for Data-II

X̄ S2 S Min Max IQR Sk Ku Se Range

0.3659 0.0721 0.2685 0.0230 0.9260 0.3943 0.5464 2.2294 0.0500 0.9000

Table 10. Goodness of fit test and Model Performance for Data-II

Distribution NLL AIC CAIC BIC HQIC W A KS p-value α̂MLE (scale) β̂MLE (shape) λ̂MLE (scale)

ORET-L 2.39 1.109 2.032 5.312 2.454 0.021 0.165 0.074 0.9924 1.5283 3.6008×106 2.0591×106

Lomax 0.16 3.671 4.115 6.473 4.567 0.045 0.287 0.127 0.6700 28794956 10534919
Exponential 0.16 1.671 1.814 3.072 2.119 0.450 0.287 0.127 0.6701 2.7332
Log-normal -0.79 40.177 40.621 42.979 41.074 0.104 0.643 0.534 1.59×10−8 0.0735 1.7530
Gamma 1.44 1.478 1.922 4.280 2.375 0.044 0.284 0.144 0.5172 1.4261 0.2353
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Figure 12. Parametric and non-parametric plots for Data-II

Table (9) summarizes key statistical metrics for Data-II: 498

(a.) The mean tensile strength (X̄) is 0.3659, with a standard deviation (S) of 0.2685, 499

indicating moderate variability in the dataset. 500

(b.) The minimum and maximum values are 0.0230 and 0.9260, respectively, giving a 501

range of 0.9000. 502

(c.) The interquartile range (IQR) of 0.3943 highlights the spread of the middle 50% of 503

observations. 504

(d.) The skewness (Sk) of 0.5464 suggests a slight positive skew, indicating more values 505

are concentrated towards the lower end of the scale. 506

(e.) The kurtosis (Ku) of 2.2294 is close to 3, suggesting the data has nearly normal-tailed 507

behavior. 508

The goodness-of-fit results in Table (10) reveal key insights: 509

(a.) The ORET-L distribution performs well, with a p-value of 0.9924, suggesting a good 510

fit to the data. The estimated scale (α̂), shape (β̂), and additional scale parameter (λ̂) 511

demonstrate its flexibility. 512

(b.) The Exponential distribution has a reasonable fit with a p-value of 0.6701 but lacks 513

the flexibility of other models in capturing data characteristics. 514

(c.) The Gamma distribution also performs moderately well with a p-value of 0.5172. 515

(d.) The Log-normal distribution, despite its capability to model positively skewed data, 516

shows a poor fit with a p-value of 1.59 × 10−8. 517

(e.) The Lomax distribution yields a relatively weaker fit compared to the ORET-L 518

model but remains a viable candidate for modeling the data. 519

The model selection criteria (e.g., AIC, BIC) align with these observations, where lower 520

values indicate better model performance. The ORET-L distribution exhibits competitive 521

performance across these metrics. 522

Figure 12 provides visual validation of the model fit: 523

(a.) Density Plot: The parametric and non-parametric density estimates align well for 524

the ORET-L and other competitive models like Gamma, indicating they effectively 525

capture the underlying data distribution. 526

(b.) P-P Plot: The ORET-L model closely follows the diagonal, suggesting a good 527

agreement between observed and expected probabilities. 528

(c.) Empirical CDF: The ORET-L and Gamma models overlay well with the empirical 529

cumulative distribution function (CDF), reinforcing their suitability. 530

(d.) TTT Plot: The Total Time on Test (TTT) plot supports the chosen models by reflecting 531

the behavior of the underlying distribution. 532

The analysis highlights the versatility of the ORET-L distribution, which not only achieves 533

a statistically significant fit but also demonstrates flexibility in capturing the characteristics 534

of the tensile strength data. The Exponential and Gamma distributions serve as simpler 535

alternatives, but their performance is somewhat inferior. The Log-normal distribution, 536

while theoretically appropriate for positively skewed data, struggles to represent the 537
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observed values effectively. Therefore, the ORET-L distribution emerges as the most 538

appropriate model for Data-II, offering both statistical and practical alignment with the 539

observed tensile strength of polyester fibers. The visual and statistical metrics consistently 540

validate its superiority over competing distributions. 541

7. Concluding Remarks 542

In this study, we developed and examined a new class of weighted T − X distribu- 543

tions, focusing on modeling fine particulate matter (PM2.5) hazards, which pose significant 544

health and environmental risks and the tensile strength of polyester. By constructing 545

the Odd Reparametrized Exponential Transformed-X (ORET-X) family of distributions, 546

we created a flexible model suitable for fitting data with characteristics similar to PM2.5 547

exposure and tensile strength of polyester, including heavy tails and a gradual decay in 548

event rates over time. The ORET-X family, through reparametrization, effectively captures 549

nuances in PM2.5 concentration data as well as the observed tensile strength of polyester 550

and introduces an adaptable hazard function that can accommodate various shapes de- 551

pending on the distribution of interest. The ORET-X model was further extended to the 552

Odd Reparametrized Exponential Transformed-Lomax (ORET-L) distribution, offering 553

an enhanced approach to modeling heavy-tailed environmental hazards like PM2.5 and 554

reliability data such as the observed tensile strength of poly-ester. Through this distribution, 555

we applied both non-Bayesian and Bayesian estimation techniques to assess parameter 556

accuracy and reliability. The non-Bayesian methods showed significant improvements 557

in bias and Root Mean Squared Error (RMSE) with larger sample sizes, confirming the 558

estimator consistency with sample size increase. In contrast, Bayesian estimation methods, 559

particularly under prior choices suited to the parameter space, exhibited stability and low 560

RMSE even at smaller sample sizes, highlighting the Bayesian framework’s robustness in 561

estimating model parameters accurately. This modeling framework for PM2.5 and tensile 562

strength of polyester data not only addresses the immediate need for a flexible and robust 563

hazard modeling tool but also provides a foundation for exploring further extensions. By 564

offering a comprehensive set of parameter estimation approaches, this work demonstrates 565

the practical applicability of the ORET-X family in environmental modeling contexts. Fu- 566

ture studies can build upon this by exploring alternative parent distributions within the 567

ORET-X structure, potentially expanding its applicability across various environmental 568

and biomedical hazards with similar distributional properties. 569
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