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Abstract

Stark broadening of spectral lines is an important tool for diagnostics of laboratory and
astrophysical plasmas. In particular, in studies of laser-plasma interactions, advanced methods of
the diagnostics, based on the Stark broadening of spectral lines, revealed the rich physics of
processes at the surface of the critical density including the development of the electrostatic
plasma turbulence. At the relatively high amplitudes Eo of the laser field at the frequency o, at
the surface of the critical density (or the relativistic critical density), there was diagnosed
spectroscopically the combination of a Low-frequency Electrostatic Plasma Turbulence (LEPT),
such as e.g., ion acoustic waves, and the “high-frequency” quasimonochromatic electric field of
Langmuir waves. In the present paper we consider the situation where the amplitude Fo and/or
the frequency o of the laser field is smaller than in the above experiments, so that the radiating
hydrogen atom (the radiator) does not “feel” the dynamical nature of the laser field: the radiator
perceives not only the LEPT as quasistatic (which is practically always the case), but also the
laser field as quasistatic. We focused on the situation where the plasma ion microfield is not
quasistatic, but rather produces the dynamical Stark broadening, just as the plasma electrons. In
this situation the quasistatic fields in the plasma are either the linearly-polarized laser field F and
the colinear field E1 of the LEPT, or the circularly-polarized laser field F and the coplanar field
E1 of the LEPT We calculated analytically the distribution of the total quasistatic field E = F +
E1 and provided the illustration. Then we calculated analytically the Stark profiles of the Ly-beta
line (with the allowance for the dynamic Stark broadening by the plasma microfield) for various
combinations of the dynamical Stark halfwidth y and the ratio of the laser field amplitude Fo to
the root-mean-square LEPT field Eo. We studied the evolution of the Ly-beta profiles as the ratio
f = Fo/Eo changes at fixed vy, and as y changes at fixed f. We believe that our results can be
important for the spectroscopic studies of the laser-plasma interactions.
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1. Introduction

Stark broadening of spectral lines is an important tool for diagnostics of laboratory and
astrophysical plasmas — see, e.g., books [1-5] (listed in the chronological order) and references
therein. In particular, in studies of laser-plasma interactions, advanced methods of the
diagnostics, based on the Stark broadening of spectral lines, revealed the rich physics of
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processes at the surface of the critical density including the development of the electrostatic
plasma turbulence. These has been done in many experiments employing laser frequencies
spanning from the microwave range (as, e.g., in experiments [6-11] covered also in book [12]) to
the near infrared range- as, e.g., in experiments [13, 14] (covered also in review [15]) studying
relativistic laser-plasma interactions). Here we use the world “laser” in a broad sense — referring
to a beam of a quasimonochromatic electromagnetic radiation regardless of its frequency.

At the relatively high amplitudes Fo of the laser field at the frequency o, at the surface of the
critical density (or the relativistic critical density as in experiments [13, 14]), there was
diagnosed spectroscopically the combination of a Low-frequency Electrostatic Plasma
Turbulence (LEPT), such as e.g., ion acoustic waves at the frequencies

o < opi = (4ne®NiZi#/mi)Y2, 1)

(opi being the plasma ion frequency), and the “high-frequency” quasimonochromatic electric
field of Langmuir waves — the waves at the plasma electron frequency

(Dpe = (47T32Ne/me)1/2. (2)

In Egs. (1) and (2), Ni and Ne = ZiN; are the ion and electron densities, respectfully; Zj and m; are
the charge and mass of plasma ions, respectively; e and me are the electron charge and mass,
respectively. Under the joint action of the Langmuir waves and the LEPT, narrow “bump-dip-
bump” structures (called for brevity L-dips) show up at specific locations of the experimental
profiles of hydrogenic spectral lines. It should be emphasized that from the theoretical viewpoint,
L-dips, manifest multifrequency nonlinear dynamic resonances (see, e.g., papers [13, 15] and
books [2, 7]). The theoretical predictions of the L-dips were validated in a large numerous
experiments by various experimental groups employing different plasma sources - plus in
astrophysical observations. In these experiments and observations, covering about ten orders of
magnitude with respect to the electron density, the L-dips were dependably identified and
utilized for plasma diagnostics — see, e.g., review [15] and references therein.

In the present paper we consider the situation where the amplitude Fo and/or the frequency o of
the laser field is smaller than in the above experiments, so that the radiating hydrogen atom does
not “feel” the dynamical nature of the laser field. In other words, the radiating hydrogen atom
perceived not only the LEPT as quasistatic (which is practically always the case because of the
low-frequency of this electrostatic turbulence, more details being presented in Appendix A), but
also the laser field as quasistatic (so that L-dips are not possible). The corresponding validity
condition, derived in section 3.1.1 of book [12] is the following:

CFow? << 1/1iite, 3)
where Tiife IS the lifetime of the excited state (i.e., of the upper energy level) of the radiating
hydrogen atom (hereafter, radiator), from which the spectral line originates. In Eg. (3), C is the
following Stark constant averaged over the Stark components of the spectral line

C = 3n’h/(4mee), 4)

where n is the principal quantum number of the upper level.



Since the development of the LEPT (by which here and below we mean either the ion acoustic
waves or Bernstein modes) occurs at the surface of the critical density where @ = wpe, then the
condition (3) takes the form

CFO(Dpe2 << l/TIifes- (5)
Typically, the inverse lifetime of the excited state is
1/Tite = yi + Ye + Vr, (6)

where yi and ye are the Stark widths due to the dynamic plasma ions and plasma electrons,
respectively; yr IS the radiative width.

We focus on the situation where the plasma ion microfield is not quasistatic (from the point of
view of the radiating hydrogen atom), but rather produces the dynamical Stark broadening, just
as the plasma electrons. The corresponding validity condition is (allowing for Ni = Ne):

(4mpwid/3)N; < 1. (7
Here
pwi ~ n°h/(meVTi), 8)

is the ion Weisskopf radius; vri is the mean thermal velocity of plasma ions of the temperature T.
Physically, the condition (7) means that the number of perturbing ions in the sphere of the ion
Weisskopf radius is smaller than unity — see, e.g., review [16]. After allowing for N; = N, the
condition (7) becomes:

(4mpuid/3)Ne < 1. 9)

Below we analyze the following two situations. One situation is where the quasistatic fields in
the plasma are only the linearly-polarized laser field F and the colinear field E; of the LEPT
(such as, e.g., ion acoustic waves). Another situation is where the quasistatic fields in the plasma
are only the circularly-polarized laser field F and the coplanar circularly-polarized field E; of the
LEPT (such as, e.g., Bernstein modes, ion cyclotron waves, or lower hybrid oscillations). Details
on the validity conditions and specific examples of the plasma and field parameters are given in
Appendix A.

In the present paper, for both of the above situations, first we calculate analytically the
distribution of the total quasistatic field E = F + E1 and illustrate it pictorially. Then we calculate
analytically the Stark profiles of the Ly-beta line (with the allowance for the dynamic Stark
broadening by the plasma microfield) for various combinations of dynamical Stark width and the
ratio of the laser field amplitude Fo to the root-mean-square LEPT field Eo.

2. Analytical results and illustrations for colinear fields

The distributions of various kinds of the LEPT were calculated analytically in papers [17, 18].
In particular, for the linearly-polarized LEPT the distribution is



Weept (E1) = {1/[(2m)*Eq] }exp[-E1%/(2E0?)], —o0 <E1< o0, (10)
The distribution of the quasistatic laser field F is (see, e.g., section 3.1.1 of book [12]):
Wias(F) = 1/[n(Fo? — F?)Y?], —Fo<F<F, (11)

The distribution of the total field E is
0 Fo
W(E) = JdE1 JdF Wiepr(E1) Wias(F) 5(E — E1 — F), (12)
-0 -Fo
where d(...) is the Dirac delta-function. By using the properties of the d-function, we find

Fo
W(E) :_£ dF Wias(F) {1/[(2m)Y2Eo]}exp[(E — F)%/(2E0?)] =

{U[(2"*n¥Eq]} FIF odF (Fo® — F?) 2exp[—(E — F)?/(2E0%)]. )
We introduce the following dimensionless quantities:
& = E/Eq, f = Fo/Eo, u = F/Eo. (14)
Then in terms of the scaled total field ¢, the distribution from Eq. (13) transforms into
f
W(e, f) =[1/(2Y?r%?] { du (£ — u?) Y2exp[—(e — u)?/2]. (15)

Figure 1 shows the three-dimensional plot of W(e, f).



Fig. 1. Three-dimensional plot of the distribution W(e, f), where € = E/E is the scaled total quasistatic
field and f = Fo/Ey is the ratio of the amplitude of the laser field to the root-mean-square value of the
LEPT field.

Based on this distribution, we calculated analytically Stark profiles of the hydrogen Ly-beta
line for several combinations of the input parameters. For the Stark profiles of the Ly-beta line at
the fixed value of the total quasistatic field we used the corresponding analytical results from

Strekalov-Burshtein paper [19]. According to that paper, the profile consists of the combination
of several subprofiles of the form

Si(Aw) = (1/m)[/[T + (Ao — aE)?]. (16)
In Eq. (16), T'j and a; are the dynamical Stark width and the Stark constant of the subcomponent j,
respectively.
We denote
D = Aw/(KEo), vj = T'j/(KEo), k = 3h/(2mee). 7)

Then in these scaled notations, the Stark profiles of the Ly-beta line become

S(D, f) = (1/n) (j)da Wi(e, f) ? I vi/[yi% + (D — aje/k)?], (18)



where |j is the statistical weight of the subcomponent j.

The next several figures demonstrate the calculated scaled Stark profile S(f, y, D) of the Ly-
beta line for various combinations of the ratio f = Fo/Eo and of the largest (among the
subcomponents) scaled dynamical Stark width y. In particular, Fig. 2 shows S(10, 1, D).
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Fig. 2. Calculated scaled Stark profile S(f, y, D) of the Ly-beta line for f = Fo/Eo = 10 and y = 1, where vy is
the largest (among the subcomponents) scaled dynamical Stark width.

Figure 3 presents S(5, 1, D).
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Fig. 3. The same as in Fig. 2, but for f=5and y = 1.
Figure 4 displays S(1, 1, D).
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Fig. 4. The same as in Fig. 2, but forf=1 and y = 1.



From Figs. 2-4 it is seen that as the ratio f = Fo/Eo decreases at fixed vy, first the furthest lateral
maxima become just shoulders. As the ratio f further decreases, all lateral maxima disappear.
Figure 5 demonstrates S(5, 3, D).
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Fig. 5. The same as in Fig. 2, but for f=35 and y = 3.

Figure 6 displays the same as in Fig. 2, but for f= 5 and y = 20 (solid line). The corresponding
Lorentzian of the half width at half maximum equal to y = 20 is shown by the dashed line.
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Fig. 6. The same as in Fig. 2, but for f=15 and y = 20 (solid line). The corresponding Lorentzian of the
half width at half maximum equal to y = 20 is shown by the dashed line.

From Figs. 5 and 6 it is seen that as the dynamical Stark width y increases at the fixed ratio f=
Fo/Eo, first the furthest lateral maxima become just shoulders. As y further increases, all lateral
maxima disappear. Nevertheless, the Stark profile remains significantly broader than the
corresponding Lorentzian of the half width at half maximum equal to y, as shown in Fig. 6.

3. Analytical results and illustrations for coplanar fields

The quasistatic circularly polarized laser field has the amplitude F. The LEPT distribution is
the following two-dimensional distribution in the plane of the two fields:

Wz(El) dE; = (2E1/E10)exp[— E12/E210)]dE1 . (19)

This situation is typical for the Bernstein modes and the lower hybrid waves. Obviously in this
case the total electric field E = E> + F is confined in the plane of the two fields. Its distribution
has the form:

W(E) dE =

» x (20)

dE (1/n) | dE1 W2(E1) [ dy 8[E — (E12+ F? + 2E1Fcosy)'?].
0 0

After using the d-function to perform the integration over the angle y (which is the angle
between vectors E1 and F), the result reduces to the following:



W(E) dE =
max (21)
dE (E/n) JE dE1 Wa(E1) O(E-F){[( E1+F)? — E?][ E2 — (E:—F)2}Y2
Emin

In Eq. (3), ®(E-F) is the Heaviside step function; the lower and upper limits of the integration
over E_ are

Emn=E-F, Emx=E+F. (22)
We proceed to the scaled notations:
¢ = E/Ex1o, f = F/Exo, u = E2/Eno. (23)
In these notations, the scaled distribution of the total field takes the form:
et+f

Wiscaled(f, €) = (2/7) [duu exp[-u?] O(e — FI{[( u+f)? — ][ € — (U7 ]}2. (24)
e-f

As example, Figure 7 presents the plots of the scaled distribution Wscaied(f, €) for f=0.5 and f =
2, respectively.
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Fig. 7. The scaled distribution Wscaed(f, €) for = 0.5 (solid line) and =2 (dashed line).



We note that the “truncation” of the distributions in Fig. 7 at some value of € is due to the
presence of the Heaviside step function ®(¢ — f) in the integrand of Eq. (24).
Further we denote
D = Aw/(KEo), ¥j = Tj/(KEo), k = 3h/(2mee). (17)

Then in these scaled notations, the Stark profiles of the Ly-beta line become
S(D, )= (1/m) [de W(e, £) = I yy/[y? + (D - aie/k)?], (18)
0 i

The next several figures demonstrate the scaled Stark profile S(f, y, D) of the Ly-beta line in
the observation perpendicular to the plane of the fields, calculated similarly to those in section 2.
The figures present S(f, y, D) for various combinations of the ratio f = Fo/Eo and of the largest
(among the subcomponents) scaled dynamical Stark width vy.
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Fig. 8. Calculated scaled Stark profile S(f, y, D) of the Ly-beta line for f=1and y = 1.
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Fig. 9. Calculated scaled Stark profile S(f, y, D) of the Ly-beta line for f =1 and y = 10.
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Fig. 10. Calculated scaled Stark profile S(f, vy, D) of the Ly-beta line for f=5and y = 1.
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Fig. 11. Calculated scaled Stark profile S(f, y, D) of the Ly-beta line for f =5 and y = 10.
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Fig. 12. Calculated scaled Stark profile S(f, vy, D) of the Ly-beta line for f=10and y = 1.
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Fig. 13. Calculated scaled Stark profile S(f, vy, D) of the Ly-beta line for f = 10 and y = 10.

From Figs. 8-13, one can see the following. At f <<, the Stark profile is structureless (see Fig.
9). At f~vy, where f < 5, the Stark profiles exhibit two maxima: one in the blue part (d > 0) and
the other in the red part (d < 0) —see, Figs. 8 and 11. At f=v = 10, the Stark profiles exhibit four
maxima: one in the blue part and the other in the red part — see Fig. 13. At f>> v, these four
maxima become much more pronounced and isolated from each other — see Figs. 10 and 12.

4. Conclusions

In many experimental studies of laser-plasma interactions, at the surface of the critical density
(or the relativistic critical density), the development of the LEPT, such as e.g., ion acoustic
waves, has been diagnosed spectroscopically (in addition to the development of the Langmuir
waves manifested as localized L-dips in the spectral line profiles). From the point of view of the
radiating hydrogenic atom/ion, the LEPT was quasistatic.

In the present paper we analyzed the situation where the amplitude and/or the frequency of the
laser field is smaller than in the above experiments, so that the radiating hydrogen atom does not
sense the dynamic nature of the laser field. So, the radiating hydrogen atom perceived as
quasistatic both the LEPT and the laser field (thus excluding the possibility of the L-dips).

We focused on the situation where the plasma ion microfield is not quasistatic, but rather
produces the dynamical Stark broadening, just as the plasma electrons. In this situation the
quasistatic fields in the plasma are either the linearly-polarized laser field F and the colinear
field E1 of the LEPT (the latter being colinear with F because the ion acoustic wave develops in
the direction of F), or the circularly-polarized laser field F and the coplanar field E; of the LEPT
(such as, e.g., Bernstein modes, ion cyclotron waves, or lower hybrid oscillations).



We calculated analytically the distribution of the total quasistatic field E = F + E1 and provided
the illustration. Then we calculated analytically the Stark profiles of the Ly-beta line (with the
allowance for the dynamic Stark broadening by the plasma microfield) for various combinations
of the dynamical Stark halfwidth y and the ratio of the laser field amplitude Fo to the root-mean-
square LEPT field Eo.

For the case of the colinear fields, we demonstrated that as the ratio f = Fo/Eo diminishes at
fixed v, first the furthest lateral maxima of the Ly-beta profile become just shoulders, and that as
the ratio f further decreases, all lateral maxima disappear. We also showed that as the dynamical
Stark width y increases at the fixed ratio f = Fo/Eo, first the furthest lateral maxima of the Ly-beta
profiles become just shoulders, and as y further increases, all lateral maxima disappear.

For the case of the coplanar fields, we showed that for f <<, the Stark profile is structureless;
at f ~y, where f <5, the Stark profiles exhibit two maxima: one in the blue part and the other in
the red part; at f =y = 10, the Stark profiles exhibit four maxima: one in the blue part and the
other in the red part; at f >> vy, these four maxima become much more pronounced and isolated
from each other,

We believe that our results can be important for the spectroscopic studies of the laser-plasma
interactions.

Appendix A. Validity conditions

The condition (9), under which the plasma ions produce mostly the dynamical Stark
broadening, can be rewritten in the form of the restriction on the principal quantum number n:

n <nerg = 724 [T(eV)]Y¥*/[Ne(cm™3)]Y. (A1)

Under the condition (A.1), the ion dynamical Stark broadening controls the lifetime Tiite Of the
upper state of the radiating hydrogen atom:

1/1iite ~ Ti ~ [mn*h?Ne/(MevTi) | [In(pmax/pmin) + 1/2], (A.2)
where vri is the mean thermal velocity of plasma electrons; pmax and pmin are the upper and lower
cutoff in the integration over the impact parameter p (see, e.g., review [16]); the term 1/2 in the
utmost right brackets in Eg. (A.2) is the contribution of the so-called strong collisions. Typically,
pmax 18 chosen as the Debye radius ppe

pmax(cm) = ppe(cm) = 743 [T(eV)/Ne(cm3)]¥2, (A.3)
while pmin is chosen as the ion Weisskopf radius pwi (see Eq. (8)):

pmin(cm) = pwi(cm) = 1.18x107°n?{/[m, T(eV)]}2. (A.4)
In Eq. (A.4), p is the reduced mass of the radiator-perturber pair:

w =~ mpmi/(mp + m;), (A.5)

where mjp is the proton mass.



In this situation, the condition (5) becomes
CEow? <<y, (A.6)
what can be represented in the form Fo(V/cm)<< Feit(V/cm), where
Ferit(V/em) =~ 5.1x1073*n1°Ne?{In[6.28x108n 2T (eV)/Ne(cm2)?] + 1/233/[T(eV)}*2. (A7)

For completeness, we also present the condition, under which the LEPT (whose frequency is
smaller or equal to wpi) IS quasistatic because its field practically does not change during the
lifetime of the excited state of the radiator:

Ti/opi ~ 3.25x107°n*[Ne(cm®)Y?|{In[6.28x108n2T (eV)/Ne(cm3)?] +1/2}[T(eV)Y?] >> 1. (A.8)

As a numerical example, let us consider a plasma irradiated by a far-infrared “laser” of the
frequency v = 0.57 THz: actually, the radiation of a gyrotron — now available at frequencies up to
1 THz [20]). The critical electron density, obtained from the equation wpe = 27v, is N¢r = 4.0x10%
cm3. Assuming the plasma temperature T = 8 eV, we find from Eq. (A.1) that ncrq is slightly
above 3. Therefore, for the hydrogen Ly-alpha and Ly-beta lines, as well as for the Balmer-alpha
line, the lifetime of the excited state of the radiator is controlled by the ion dynamical
broadening. From Eq. (A.8) we get I'i/wpi = 13, so that the LEPT is quasistatic. Finally, from Eq.
(A.7) we obtain Ferit ~ 400 V/cm.
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