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We propose that dark matter (DM) possesses a quadratic equation of state, which becomes significant
at high densities, altering the Universe’s evolution during its early stages. We derive the modified
background evolution equations for the Hubble parameter H(z) and the DM density parameter Qdam(z).
We then perturb the governing equations to study the linear growth of matter fluctuations, computing
the observable growth factor fos(z). Finally, we compare the model with the latest cosmological data,
including Hubble parameter H(z) measurements, and growth factor fos(z) data, up to z = 3. Our results
indicate that the quadratic model, while remaining consistent with background observations, offers a
distinct imprint on the growth of structure, providing not only a new phenomenological avenue to
address cosmological tensions but also shedding light on the nature of DM.
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I. INTRODUCTION

The ACDM model stands as the cornerstone of modern cosmology, providing a remarkably successful description
of the Universe’s evolution from its primordial perturbations to its large-scale structure (LSS) today [1-3].
Although striking, the success is accompanied by persistent tensions and unresolved theoretical questions. Notably,
the Hubble tension [4, 5], a ~ 50 discrepancy between the early-Universe measurement of Ho from the Cosmic
Microwave Background (CMB) [1] and late-Universe distance ladder measurements [4], challenges the standard
cosmological paradigm, likely pointing to exciting new physics yet to be discovered [6, 7].

Similarly, the Ss tension, concerning the amplitude of matter fluctuations, persists between CMB inferences and
weak gravitational lensing surveys [8, 9]. Furthermore, recent observations from the James Webb Space Telescope
(JWST) have uncovered an unexpectedly high abundance of massive galaxies at very high redshifts (z = 10) [10],
suggesting potentially more efficient structure formation in the early Universe than predicted by standard ACDM
[11]. Recent analyses further suggest the Ss tension may be confined to late-universe physics (z < 2) [12].
Furthermore, the analysis of the DESI collaboration reports compelling evidence for evolving dark energy,
including potential phantom divide crossing (w = —1), conflicting with a pure cosmological constant scenario [13,
14].

Although striking, the success of the ACDM model is accompanied by persistent tensions and unresolved
theoretical questions. The most significant include:

e The Hubble tension [4, 5]: a ~ 50 discrepancy between the early-Universe measurement of Ho from the CMB
and late-Universe distance ladder measurements.

e The Sstension [8, 9]: a discrepancy between CMB inferences of the amplitude of matter fluctuations

(8s = 08/2m0/0.3) and weak gravitational lensing surveys.
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e The JWST massive galaxies tension: an unexpectedly high abundance of massive galaxies at very high redshifts

(z= 10) [10], suggesting more efficient early structure formation than predicted.

¢ Evidence for evolving dark energy from DESI [13, 14], conflicting with a pure cosmological constant (w = -1).

e Other challenges include the cosmological constant problem, the cosmic dipole tension, and the lithium
abundance problem.

These tensions motivate the investigation of new physics in DE and DM. Several compelling candidates could
explain the nature of DM, including isocurvature perturbations during inflation [15], axions [16], primordial black
holes [17-19], and even axion-like particles produced in the radiation-dominated era [20]. One conceivable avenue
is to consider that DM may have non-trivial properties, moving beyond its traditional description as a cold,
collisionless, and pressureless (Pam= 0) fluid. For instance, models involving gravitational particle production [21-
23] treat the Universe as an open thermodynamic system, introducing an effective pressure that modifies the
continuity equation. This approach can provide a better fit to both background and perturbation data compared to
ACDM. In a different approach, [24] investigated DM with a constant and a dynamically evolving equation of state
within the spherical collapse framework. They demonstrated that such models significantly impact the linear
overdensity threshold for collapse and the abundance of high-redshift halos. It potentially enhances early structure
formation to levels more consistent with JWST observations. Recent works explore DM evolution at redshifts below
one [25-27].

Concurrently, there has been some interest in cosmological fluids with non-linear equations of state [28-32]. A
quadratic EoS offers a phenomenologically rich framework. The quadratic term becomes significant at high
densities (early times) and negligible at lower densities (late times), offering a unique redshift-dependent effect
[29, 32]. This has been explored primarily in the context of dark energy to achieve phenomena like phantom divide
crossing [31, 33] and to address the Hubble tension [30, 32]. Dynamical systems analysis reveals that such models
can feature stable attractors and act as cosmic energy sources or sinks, governed by the quadratic parameter [30].

We propose that the non-baryonic dark matter (DM) component, which constitutes the predominant part of the
DM budget, may be described by a quadratic equation of state. It is important to note that astrophysical
observations, such as those from the Planck Collaboration, confirm the existence of a baryonic DM component [1,
7, 34], that and constitutes approximately 20 percent of the total dark matter content. This model specifically
addresses the evolution and properties of the non-baryonic DM and does not seek to describe the baryonic
component. The Quadratic Density-dependent Dark Matter (QDDM), which is characterized by the following
quadratic equation of state

P
le = X Pdm + Jd —om

Po (1)

where Pdm and pam are the pressure and energy density of the DM component, respectively. Here, po indicates the
current critical density and serves to normalize the quadratic term. The parameters a and f are dimensionless
constants. This ansatz is phenomenologically rich and can be motivated by certain field theories where the
pressure is a non-linear function of the density [28]. In the conventional DM models, both parameters a and 8 are
ZEero.

The quadratic term, proportional to p2dm, is designed to become significant only in high-density regimes, such as
the early universe, while being negligible at late times, offering a unique redshift-dependent effect that differs from
previously studied models [24, 35]. This introduces a new mechanism to alter the growth history of structures,
particularly at intermediate and low redshifts (0 < z < 3), without drastically violating well-constrained late-time
cosmology.



We aim to perform an analysis of this model. We will derive the modified background evolution equations for the
Hubble parameter H(z) and the DM density parameter Qam(z). We will then derive the equations governing the
linear growth of matter perturbations and compute the observable growth factor fos(z). Finally, we will compare
the model with the latest cosmological data, including Hubble parameter H(z) measurements, and growth factor
fos(z) data, and perform a comparison with the standard ACDM model.

The paper is structured as follows: In Section II, we present the theoretical framework of our QDDM model,
deriving the background evolution equations. Section III is devoted to the study of the linear perturbations in the
setup of QDDM model. Then, in Sec. IV, we compute the growth factor in our model, and compare our findings with
the ACDM model. Finally, we summarize our conclusions and discuss future outlooks in Section V.

II. BACKGROUND DYNAMICS

We begin by considering a homogeneous and isotropic Universe described by the flat Friedmann-
LemaitreRobertson-walker (FLRW) metric. The evolution of the cosmic scale factor a(t) is governed by the
Friedmann equations

3 (2)
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- = (f)tot + Spt.ot) .

3

(3)

where the dots denote the derivatives with respect to the cosmic time and H, ptt, and Pt are the Hubble rate, the
total energy density, and the total pressure, respectively. The current value of the Hubble rate Hoand the critical
density poare related via (2).

In the standard ACDM paradigm, the DM component is assumed to be pressureless (Pam = 0). In this work, we
propose (1) as EoS for DM. This EoS reduces to the standard pressureless case for a = 0 and 8 = 0. The evolution of
the DM energy density is determined by the energy conservation equation

Pdm

pam + 3Hpam(1 +a + 352y = 0.
0 @
This equation can be integrated to find the evolution of the DM density pdm(z) in which z represents the

cosmological redshift. The solution of (4) is given by
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pdm(z) = demOF(z); F( :
(5)

Here pdamois the present-day (z = 0) DM density and Qamois the current DM fractional energy density, Qdamo = pdamo/po.
The dimensionless density function F(z) describes the deviation from the standard ACDM evolution. For the case «
= f =0, this reduce to the ACDM case, F(z) = (1 + z)3.

The total energy density of the Universe is the sum of its components: dark energy (A), DM, baryons (b), and
radiation (r),

Ptot = Pdm T Pb+ Pr + pA - 6)



Substituting thin into the first Friedmann equation (Eq. (2)) and expressing the fractional densities in terms of
their present-day density parameters Qio = pio/po, we obtain the Hubble parameter for our model

H(2) = Hov/QamoF (=) + Ds0(1 + 2)% + Oro(1 + 2)% + Ono. )

The evolution of the dark matter density parameter is given by

QdmOF(Z )

Qam(z) = 5 -
NRNTTENTS ®)

As seen from (7) and (8), the background dynamics of the Universe are affected by the non-trivial function F(z). In

Figs. 1 and 2, we have illustrated the evolution of H(z) and Qdm(z) and compare our model with the standard ACDM
case.
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FIG. 1. Evolution of scaled Hubble parameter in terms of the cosmological redshift for our model with 8> 0 (red curve) and with 8 < 0 (blue

curve), compared to the ACDM model (black dashed curve). The left plot is drawn with {a|B|} = {103,102}, the
right one with {a, |3} = {103,107}
{0.6732,0.04939,0.265,9.267 x 107"} o generate these plots, we have used the cosmological parameters {h,Qs0,Qamo,Qro} =

Fig. 1 depicts the evolution of the scaled Hubble rate in terms of redshift for different cosmological scenarios.
The black dashed curve represents the standard ACDM model. Our model introduces a deviation governed by the
sign and magnitude of the parameter . A positive value of 8 (red curve) signifies a positive quadratic pressure
term, which acts as an effective additional pressure, resisting gravitational collapse. This leads to a more rapid
expansion at early times (high density) compared to ACDM. Conversely, a negative § (blue curve), implies a negative
pressure contribution, enhancing the gravitational attraction within the dark matter fluid and resulting in a slower
early-time expansion. At late times, as the density pam decreases, the quadratic
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FIG. 2. Evolution of DM density parameter in terms of scale factor for our model with 8= 10-4(red curve) and with 8 < 0 (blue curve), compared
to the ACDM model (black dashed curve). To draw this plot, we used {a,|]} = {10-3,10-*}. The values of the other cosmological parameters are
the same as those used in Fig. 1.

term becomes subdominant, and all models converge to the accelerated expansion driven by the cosmological
constant.

This modified expansion history directly impacts the evolution of the DM density parameter Qdam(z), as shown in
Fig. 2. In the ACDM scenario, we have Qam & (1 + z)3, which is shown by the black dashed curves. Our model deviates
from this scaling. For f > 0 (red curve), the effective pressure suppresses the energy density relative to ACDM at
high redshifts, causing Qam(z) to be lower. For < 0 (blue curve), the negative pressure enhances the clustering,
leading to a higher Qam(z) at early times. This divergence in the matter density history is a key distinguishing
feature that can be probed by combinations of CMB, BAO, and SNIa data.

III.  LINEAR PERTURBATIONS

In this section, we derive the equations governing the linear evolution of matter density perturbations for the
QDDM model. We work in the Newtonian gauge, which is well-suited for studying sub-horizon perturbations in the
Universe. For a barotropic fluid, indicated by the subscript i, we consider an equation of state Pi= Pi(p:). In addition,
we assume “p;to be the background energy density and 6pito be its perturbations in the Newtonian gauge. The

evolution of the density contrast, 6i= dpi/p7i, and the divergence of the peculiar velocity, 6;= v.0 Bv;, are given by
the continuity and the Euler equations in Fourier space.

For the i-th fluid in the Newtonian gauge, the equations governing the mode functions (in Fourier space) with
wave-number k are given by [36-40]

R . 1 1
0, +3H( 2 — 11‘—)5 + w& =0, 9)
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2
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In these equations, c2si = 6Pi/6pirefers to the effective velocity of the perturbations for each fluid and w: = Pi/pi. We
assume that the evolution of the perturbations is adiabatic, so that we can take the effective velocity of the

perturbations to be equal to its adiabatic velocity up to a good approximation, so c2si= 'i/p.i. In [41], the authors
have shown explicitly that this approximation is thoroughly valid in their model in the linear regime of
perturbations. We expect this approximation to be valid in our scenario too.

It is convenient to rewrite Egs. (9) and (10) in terms of the scale factor as follows

N Wy 1) - 3 .

8+ we,- += (2, —wi)di+=0, (11)
- 2 H'\ - k22, 3 .
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where the prime denotes the derivative with respect to the scale factor, and we have also defined the dimensionless

quantity 0= 6/(aH).
In the QDDM model, the parameters of the equation of state and the speed of sound of DM are not constant, but
are given by the following relations

Wdm = o + 3 QdeF(;) , (13)
C'E.dm =a+23 QdmO-F(f«) . (14)

These expressions are redshift-dependent due to the quadratic term in the pressure relation (1). At high redshifts,
where pdm is large, both wam and c2sam deviate significantly from their standard values, impacting the growth of
perturbations. For a > 0, thermodynamic stability (c?sam = 0) requires <0 [31].

Since we set the initial conditions from an epoch deep inside the matter-dominated era, we will neglect the

contribution of the radiation fluctuations in the evolution of matter perturbations. Utilizing Eqgs. (11) and (12) for
the baryon and dark matter components in our model, we get
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Hb + (ﬁ + E) Hb + ; [S Bb(\’b + (gtrfi,dm —+ l) Qdmédm} — 0. (16)
N . R Wdm T l) ~
Oldl'ﬂ + E (C‘z,dm - u'dﬂl) Odm + (H;edm =0, (17)
~ 2 H'\ - A‘chd 3
§ S ) B — S S+ — [0 + (362 1) Qambam] =0. (18
dm ((1. T H) dm a3H? (wgm + 1) dm + %2 [ b b+( C5,dm T ) dm dm}

These equations are four coupled ordinary differential equations, and by solving them, we can determine the
evolution of §p and dam in terms of the scale factor in our setup. Having the evolution of these quantities at hand
enables us to compute the evolution of the matter density contrast, which is given by

_ pb(Sb + P(:(Sc (19)
Pb + Pe
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To solve the set of coupled linear differential equations given in Egs. (15)-(18), itis necessary to specify the initial
conditions. For this purpose, we choose a time that is deep inside the matter-dominated era and denote the scale
factor of that epoch by a:. At this time, the relation ém = Cna holds with a good approximation. Here, Cn is a
proportional constant that can be taken as unity without any loss of generality. As a result, we determine the initial
conditions as follows

dp(ai) = Cya;, (20)
é},(l’j’.,‘) = —Cha;, (21)
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The parameter C»in the above equations is defined as
Qdm(ai) (3(7§_dm(az) + l) (QBO + QdmO)

Cy = .
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(24)
In the next section, we solve Eqgs. (15)-(18) numerically and use the results to calculate the growth factor in our
scenario.

IV. GROWTH OF STRUCTURES

One of the most significant tests for our model lies in its predictions for the growth of cosmic structures. The
quadratic EoS not only alters the background expansion but also introduces a non-zero, scale-dependent sound
speed which actively suppresses the growth of perturbations on small scales. To assess the validity of our
cosmological model in the linear regime of perturbations, we aim to study the growth of structures in this regime.
To do so, we numerically integrate the full coupled system of perturbation equations (15)-(18), by implementing
the initial conditions (20)-(23).

Here, we introduce the growth rate, which is related to the matter density contrast as
o) = Lo

[In a (25)

This quantity is related to the growth factor, which is an observable quantity and is defined by

fos(z) = os(2=0) (a dém)

om(z=0) “da (26)

Here, 0s(z) is the root mean square matter fluctuation in spheres of radius 8h-1Mpc, and it is computed from the
linear power spectrum P(k,z) by using

o0 1.2 71,
o2(z) = gl P(k,z)W?(kR), R=8h"'Mpc,
8 92
0 2 (27)



where W(kR) is the Fourier transform of a spherical top-hat filter. The power spectrum is normalized to its CMB-
inferred value at z = 0.

Figure 3 shows the evolution of the observable growth factor fos(z) for our model with > 0 compared to the
typical ACDM expectation. The model predicts a lower amplitude of structure growth (fos) at low redshifts (z< 1 -
2). This suppression arises from two interconnected effects:

1. Modified Background: The altered expansion history H(z) changes the rate at which perturbations can grow.

See Fig. 1 for more details.

2. Pressure Support: The effective sound speed (14) introduces pressure waves that counteract gravitational

2.2
k Cs.dm

collapse, especially within the horizon. The term "/ (wam = T in the perturbation equations leads to a scale-
dependent suppression, damping small-scale (large-k) modes more efficiently.
This suppression of fos(z) is a hallmark of models with non-vanishing dark matter pressure. A value of f < 0 would
have the opposite effect, potentially enhancing growth, though such models may face constraints from the observed
matter power spectrum and CMB anisotropies.
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FIG. 3. Diagram of the growth factor for QDDM with {a,8} = {2 x 10-4-10-5} (blue curve) compared to the ACDM result (black curve). To this
plot we set 0s(z = 0) = 0.812. The values of the other cosmological parameters are the same as those in Fig. 1.

V.  CONCLUSIONS

In this work, we have introduced a phenomenological model for the DM component characterized by a quadratic
equation of state (1). This model represents a minimal yet powerful extension to the standard cosmological
paradigm, moving beyond the simplistic assumption of perfectly cold, pressureless DM.

We compared the predictions of our model against the standard ACDM cosmology. We focus on key observational
quantities: the background expansion history, the evolution of the dark matter density, and the growth rate of large-



scale structure. This comparison highlights the unique phenomenological signatures imprinted by the quadratic
term in the dark matter EoS.

Our analysis demonstrates that this model has profound and testable consequences for both the global expansion
history of the Universe and the growth of cosmic structure. We derived the key equations governing the background
evolution and the linear perturbations, revealing a rich phenomenology controlled primarily by the parameter S,
which encapsulates the strength of the quadratic term. Our principal conclusions are as follows:

¢ Amplified Background Effects: The proposed model introduces a new redshift-dependent deviation in the
background expansion history. The quadratic term, significant only at high densities, introduces a redshift-
dependent deviation in the expansion rate H(z) (Fig. 1). A tiny positive § drives a faster expansion at high-z,
while a tiny negative value slows a slower Hubble rate. This offers a potential pathway to address early
universe-related tensions.

¢ Non-Standard Clustering: It predicts a non-standard evolution of the DM density parameter. The modified
expansion directly alters the evolution of the DM density parameter Qam(z) (Fig. 2), changing the matter
budget during the epoch of structure formation in a way that could be probed by combined CMB and LSS
data.

¢ Suppressed Structure Growth: The most significant signature is a suppression of the growth of structure,
quantified by fos(z) at low redshifts (Fig. 3). This arises from a dual mechanism: a modified background

2
expansion and a scale-dependent pressure support (“s.dm) from the quadratic EoS. This provides a natural,
physics-based mechanism to reduce the amplitude of late-time matter fluctuations, potentially resolving the
Sstension.

¢ Addressing Cosmological Tensions: The most significant signature of our model is a suppression of the
growth of structure, quantified by fos(z) at low redshifts (Fig. 3). Furthermore, the model predicts enhanced
clustering at high-z, which could alleviate the tension posed by JWST observations of unexpectedly massive
early galaxies. While the model introduces deviations in H(z), it does not offer a direct solution to the Hubble
tension. Similarly, it does not address tensions related to the fundamental nature of dark energy, such as the
DESI results.

The extent of these deviations is controlled by the parameter f. In the limit 8 — 0, all our expressions reduce to
the standard ACDM case, as required. In the upcoming work, we will confront these predictions with a suite of
cosmological observations to place quantitative constraints on the allowed values of a and .

The proposed model thus provides a unified framework that is consistent with standard late-time cosmology
while offering new mechanisms to alter the Universe’s early evolution and its structural growth history. The fact
that such dramatic effects can stem from such a tiny fundamental parameter is a remarkable property of this model
and points to a universe whose large-scale state is exquisitely sensitive to the precise microphysical nature of its
dark components.

This work establishes the foundational theory and highlights the promising phenomenology of the QDDM model.
The logical next step is to confront these predictions with a robust statistical analysis using a full suite of
cosmological data. This includes fitting the model against the Planck CMB power spectra, BAO measurements, SNla
distances, direct H(z) constraints, and growth factor (fos) data from redshift-space distortions. Such a Markov
Chain Monte Carlo (MCMC) analysis will place precise quantitative constraints on the parameters a and p,
determining if a non-zero quadratic EoS for dark matter is not just possible, but preferred by the data. Ultimately,
this model opens a new avenue in the quest to understand the nature of dark matter, suggesting that its properties
may be more complex than traditionally assumed, and that these complexities may hold the key to resolving the
outstanding tensions in modern cosmology.
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